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Abstract. Cosmological and astrophysical observations lead to the emerging pic-
ture of a universe that is spatially flat and presently undertaking an accelerated
expansion. The observations supporting this picture come from a range of mea-
surements encompassing estimates of galaxy cluster masses, the Hubble diagram
derived from type-Ia supernovae observations, the measurements of Cosmic Mi-
crowave Background radiation anisotropies, etc. The present accelerated expan-
sion of the universe can be explained by admitting the existence of a cosmic fluid,
with negative pressure. In the simplest scenario this unknown component of the
universe, the Dark Energy, is represented by the cosmological constant (Λ), and
accounts for about 70% of the global energy budget of the universe. The remaining
30% consists of a small fraction of baryons (4%) with the rest cold Dark Matter
(CDM). The Lambda Cold Dark Matter (ΛCDM) model, i.e. General Relativity
with cosmological constant, is in good agreement with observations. It can be
assumed as the first step towards a new standard cosmological model. However,
despite the satisfying agreement with observations, the ΛCDM model presents
several lacks of congruence and shortcomings, and therefore theories beyond Ein-
steins General Relativity are called for. Many extensions of Einstein’s theory of
gravity have been studied and proposed with various motivations like the quest
for a quantum theory of gravity to extensions of anomalies in observations at the
solar system, galactic and cosmological scales. These extensions include adding
higher powers of Ricci curvature R, coupling the Ricci curvature with scalar fields
and generalized functions of R. In addition when viewed from the perspective
of Supergravity (SUGRA) many of these theories may originate from the same
SUGRA theory, but interpreted in different frames. SUGRA therefore serves as a
good framework for organizing and generalizing theories of gravity beyond Gen-
eral Relativity. All these theories when applied to inflation (a rapid expansion of
early Universe in which primordial gravitational waves might be generated and
might still be detectable by the imprint they left or by the ripples that persist to-
day) can have distinct signatures in the Cosmic Microwave Background radiation
temperature and polarization anisotropies. We give a review of ΛCDM cosmology
and survey the theories of gravity beyond Einsteins General Relativity, specially
which arise from SUGRA, and study the consequences of these theories in the con-
text of inflation and put bounds on the theories and the parameters therein from
the observational experiments like PLANCK, Keck/BICEP etc. The possibility of
testing these theories in the near future in CMB observations and new data com-
ing from colliders like the LHC, provides an unique opportunity for constructing
verifiable models of particle physics and General Relativity.
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1 Introduction
The attempt to find a consistent quantum theory of gravity has motivated attempts to find
generalizations of Einsteins General Theory of Relativity. The recent cosmological observations,
in fact, suggest that the present Universe is in accelerating phase [1]. To explain such a behavior
one is forced to introduce the concept of Dark Energy. Moreover, for explaining the rotation
curves of Galaxies one needs to introduce Dark Matter. The origin and nature of both Dark
Energy (DE) and Dark Matter (DM), that undoubtedly represent a fundamental issue in particle
physics, astrophysics and cosmology, is unknown and although many attempts have been done
to explain such dark components, no final conclusions has been reached, and the question till
now is completely open.
Observations of the cosmic microwave background anisotropy motivate the idea that the
universe in the past went through a period of accelerated expansion called inflation. The specific
model of inflation which fits the temperature and polarization anisotropies is still not settled.
It’s not established yet whether inflation requires a fundamental scalar field in a particle physics
model or whether the scalar degrees of freedom of the metric in modified gravity theories can
give rise to viable inflation. In this review we survey the generailised theories of gravity which
can give inflation compatible with observations of the CMB by experiments like Planck [2,3]
and BICEP2/Keck+Planck [4,5,6].
General features of metric theories of gravity
In order that a theory of gravity might be considered a valid theory, it must fulfill some min-
imal requirements: 1) It must reproduce the Newtonian dynamics in the weak-energy limit,
which means that it has to pass the classical Solar System tests which are all experimentally
well founded [7]. 2) It must reproduce Galactic dynamics in relation to the observed baryonic
constituents (hence luminous components as stars, or planets, dust and gas), radiation and
Newtonian potential which is, by assumption, extrapolated to Galactic scales. 3) It must ad-
dress the problem of large scale structure and the cosmological dynamics. General Relativity
(GR) is the simplest theory that satisfies these requirements. It is based on the assumption
that space and time are entangled into a single space-time structure, which must reduce to
Minkowski’s space-time structure in absence of gravitational forces. GR underlies also on Rie-
mann’s ideas according to which the Universe is a curved manifold [8] and that the distribution
of matter affects point by point the local curvature of the space-time structure.
GR is strongly based on some assumptions that the Physics of Gravitation has to satisfy:
The Principle of Relativity: All frames are good frames for describing Physics. This
implies that no preferred inertial frame should be chosen a priori (if any exists).
The Principle of Equivalence: Inertial effects are locally indistinguishable from gravita-
tional effects (i.e. the equivalence between the inertial and the gravitational mass).
The Principle of General Covariance: Field equations are generally covariant.
The Principle of Causality: Each point of space-time should admit a universally valid
notion of past, present and future.
On the basis of the above principles, Einstein postulates that the gravitational forces must be
related to the curvature of a metric tensor field ds2 = gµνdx
µdxν defined on a four-dimensional
space-time manifold (the metric signature is the same of Minkowski’s metric, (−,+,+,+)) and
that space-time is curved, with the curvature locally determined by the distribution of the
sources, the latter described by the energy-momentum tensor T
(m)
µν . An important achievement
was to prove that the field equations for a metric tensor gµν can be obtained by starting from
an action linearly depending on Ricci’s scalar R (Hilbert-Einstein action [9].)
SHE =
1
2κ2
∫
d4x
√−g R+ Smatter , κ2 = 8piG/c4 . (1.1)
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The choice of Hilbert and Einstein was completely arbitrary, but it was certainly the simplest
one. Some years later the GR formulation, it was clarified by Levi–Civita that curvature is not
a purely metric notion. It is indeed related to the linear connection, which plays a central role
in the definition of parallel transport and covariant derivation [10] (this is, in some sense, the
precursor idea of what would be called a ”gauge theoretical framework” [11], after the Cartan
work [12]). As later clarified, the principles of relativity, equivalence and covariance require
that the space-time structure has to be determined by either one or both of two fields: a metric
g and a linear connection Γ (symmetric in order that the theory is torsionless). The metric
g fixes the causal structure of space-time (the light cones) as well as some metric relations
(clocks and rods); the connection Γ fixes the free-fall, i.e. the locally inertial observers. They
have to satisfy a number of compatibility relations, which generally lead to a specific form of
the connection in terms of the metric tensor (Levi-Civita connections), but they can be also
independent, leading to the Palatini approach of GR. [13]. It is on this basis that the so-called
alternative theories of gravitation, or Extended Theories of Gravitation (ETGs) arise. In fact
their starting points is that gravitation is described by either a metric (purely metric theories),
or by a linear connection (purely affine theories) or by both fields (metric-affine theories). Here
the Lagrangian is a scalar density of the curvature invariants, constructed by mean of {g, Γ}.
Attempts to generalize GR along these lines [14] and investigations about ”alternative the-
ories” continued even after 1960 [7]. What arises from these studies is that the search for a
coherent quantum theory of gravitation or the belief that gravity has to be considered as a
sort of low-energy limit of string theories [15], has renew the idea that there is no reason to
follow the simple prescription of Einstein and Hilbert. Other curvature invariants or non-linear
functions of them should be also considered, especially in view of the fact that they have to
be included in both the semi-classical expansion of a quantum Lagrangian or in the low-energy
limit of a string Lagrangian.
Not only from a mathematical point of view there is the necessity to generalize GR, but
also current astrophysical and cosmological observations suggest that, as already pointed out,
Einstein’s equations are no longer a good test for gravitation at Galactic, extra-galactic and
cosmic scales, unless one does not admit that the matter side of field equations contains some
kind of exotic matter-energy which is the dark matter and dark energy side of the Universe.
One can adopt a different point of view, in the sense that instead of changing the matter side
of Einstein field equations to fit the missing matter-energy content of the currently observed
Universe (by adding any sort of exotic matter and/or energy), one may change the gravita-
tional side of the equations, admitting corrections coming from non-linearities in the effective
Lagrangian. This is a possibility that needs to explored, even if, without a complete theory of
gravity, one has to tune up the form of effective theory that is going to study, hence a huge
family of allowed Lagrangians can be chosen, trying to fit all possible observational tests, at all
scales (Solar, Galactic, extragalactic and cosmic, and so on).
1.1 Shortcomings in the standard cosmological model
We shortly review the shortcomings of the cosmological standard model (the cosmology based
on GR) or hot Big Bang. The latter provides a framework for the description the evolution of
the Universe. The spacetime evolution is governed by Einstein’s field equation (which contains
matter content of the Universe)
Rµν − 1
2
gµνR+ Λgµν = κ
2Tµν , (1.2)
This equation follows by varying the action (1.1) with respect to the metric gµν , while
Tµν = − 2√−g
δSmatter
δgµν
is the energy-momentum tensor. Λ is the cosmological constant (it enters into (1.1) by replacing
R→ R+ Λ).
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There are three important epochs to which the early Universe undergoes: radiation, mat-
ter and vacuum (energy) domination eras. They are characterized by an appropriate relation
between pressure and energy density of matter, p = p(ρ). Assuming the homogeneity and
isotropy of the (flat) cosmological background Friedman-Robertson-Walker (FRW) Universe,
the line element is given by1
ds2 = −dt2 + a2(t)dx2 , (1.4)
where a(t) is the scale factor. For a long time, the success of the Big Bang model was based on
three cornerstones: i) Hubble expansion, ii) the distribution of relic photons (CMBR), and iii)
the light element abundance such as 3He, 4He, D, 7Li (Big Bang Nucleosynthesis (BBN)). With
the recent developments of modern Cosmology, our view of the Universe evolution has been
completely transformed. For example, the cosmological model present some inconsistencies that
can be solved only admitting the existence of the Inflation, i.e. a period of accelerated expansion
of the Universe which occurred in the very early phase of the Universe evolution. It is believed
that Inflation is responsible for the inhomogeneities in the matter distribution (whose evolution
allowed the formation of structures, stars, planets) and the inhomogeneities of the CMB. These
perturbations are generated by quantum fluctuations of the scalar field (the inflaton) which
drives the Inflation, and they can be scalar, vectorial or tensorial. The challenge of modern
cosmology is to verify all predictions of Inflationary scenario.
The Inflationary paradigm allows to solve some inconsistence of the standard cosmological
model:
– Flatness of the Universe - Ω = ρ/ρc = 1 where ρ = 3H
2m2P /8pi is the critical density.
Without Inflation, the adjustment of Ω should be ∼ 10−60 at the Planck era, and ∼ 10−15
at the primordial nucleosynthesis.
– The problems of homogeneity, isotropy, and horizon (which created headache in the frame-
works of FRW cosmology) are elegantly solved.
– Inflation provides a natural mechanism of generation of small density perturbations with
practically flat spectrum in agreement with observations.
– To solve all problems of standard FRW cosmology, the duration of Inflation must be N =
Ht ∼ 70− 100.
We will return on the standard cosmological model and Inflation in next Sections.
2 FRW Cosmology - Inflation
Today the very basic picture of our observable universe is presented quite accurately by the
standard Big Bang model of cosmology, also known as ΛCDM -model or FLRW cosmology.
Under the standard Big Bang model, the universe in its early stages is considered to be very
hot, uniform in its density and expanding uniformly in all the directions and cooling down at late
times. So far, it has passed a large number of increasingly precise tests. It successfully predicts
the age, Hubble expansion rate, mass density of the universe and light elemental abundance in
the early universe. Also it explains the presence of the Cosmic Microwave Background Radiation
(CMBR). The CMBR is a snapshot of the oldest light in our universe leftover after decoupling
and imprinted on the Last Scattering Surface (LSS), when the universe was just 3, 80, 000
years old. The most remarkable feature of CMBR is its high degree of uniformity everywhere
1 The homogeneity, isotropy and expanding nature of the space-time is mathematically described by
the more general FRW metric given by
ds2 = −dt2 + a2(t)
[
dr2
1− κr2 + r
2 (dθ2 + sin2θdφ2)] , (1.3)
where (r, θ, φ) are the comoving spatial coordinates. κ represents the spatial curvature and can take
values +1, 0,−1 describing open, flat and closed universe, respectively.
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and in all the directions. It has inhomogeneity only at the level of one part in2 105. These
tiny inhomogeneities in the early universe are believed to have grown to cosmological scales
later in the history of the universe which resulted in structure formation: stars, galaxies and
galactic clusters of today. Current precision measurements of these small inhomogeneities in the
CMBR has led to constraining a variety of cosmological parameters and therefore theoretical
cosmological models. However, the standard Big Bang model could poorly explain some of the
observed characteristics of the universe, e.g. why the universe is so uniform and its intrinsic
geometry is so flat. These unsolved problems in standard cosmological model are also known as
Horizon and Flatness problems. Invocation of a rapid exponential expansion phase, Inflation,
in the very beginning of the universe could solve these problems.
In the standard model of cosmology, the matter content of the universe is described by a
perfect fluid which is characterised only by the energy density ρ and isotropic pressure p. The
stress-energy-momentum tensor for a perfect fluid with energy density ρ and pressure p is given
by
Tµν = (ρ+ p)uµuν + pgµν , (2.1)
where uµ is the 4-velocity of the fluid in some arbitrary coordinate system xµ given by uµ =
dxµ
dτ .
Here τ is the proper time of the observer, so that gµνuµuν = −1. If such a fluid is at rest in
the geometry described by metric (1.4) and obeys the equation of state pi = ωiρi, then from
the covariant conservation of the stress-energy-momentum tensor (5µTµν = 0) one finds the
equation of motion of energy densities in the FLRW universe
ρ˙i + 3H(1 + ωi)ρi = 0, (2.2)
where H = a˙a is the Hubble parameter describing Hubble expansion rate, i represents the
various components of the cosmological fluid, e.g. matter, radiation and dark energy, and ωi
represents the respective equation of state parameter for different components. For the system
as a whole, the total energy density is given by
ρ =
∑
i
ρi ,
and total pressure by
p =
∑
i
pi .
The solution of the continuity equation (2.2) is given by
ρi ∝ a−3(1+ωi). (2.3)
As the universe expands, the matter density, consisting of all non-relativistic matter particles,
dilutes as ρnr ∝ a−3; and radiation density, consisting of all relativistic particles, dilutes as
ρr ∝ a−4, as for pressureless non-relativistic matter ω = 0 and for radiation ω = 13 . For ω = −1
which corresponds to a negative pressure fluid, a strange behavior occurs, the energy density
of the universe remains constant as the universe expands. Such an exotic matter is known as
Dark Energy or Cosmological Constant and usually attributed to the present day accelerated
expansion of our universe.
In the flat FLRW universe the dynamics of the scale factor a(t) is determined through
Friedmann equations which can be derived by solving Einstein field equation for the FLRW
2 Typically inhomogeneity are divided in blue and red/yellow spots. The Blue spots represents the
sky where the temperature is 10−5 below the mean temperature T0 = 2.725K. This corresponds to
the regions where photons loose their energy while climbing out of the gravitational potential of the
overdense regions in the early universe. The Red/Yellow spots represents the underdense regions where
the temperature is 10−5 above the mean temperature.
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metric (1.4) and energy-momentum tensor (2.1)
a˙2
a2
=
8piGρ
3
+
Λ
3
− κ
a2
, (2.4)
a¨
a
= −4piG
3
(ρ+ 3p) +
Λ
3
, (2.5)
According to acceleration equation if Λ = 0 then the matter and radiation filled universe de-
celerates which contradicts the observational data from Type-1a supernovae [1], South Pole
Telescope [16] and from the measurement of high multipole CMB data [17,18,3]. These ob-
servations have led to the conclusion that the universe is accelerating in its expansion. In the
ΛCDM model the present accelerated expansion is achieved with a small positive cosmological
constant Λ. Also Eq. (2.5) implies that the present accelerated expansion can be achieved if
the energy density of the universe is dominated by some unknown exotic matter with negative
pressure p < −ρ3 or equation of state parameter ω < −13 , which generates repulsive gravity. To
consider different matter contributions to the total energy density of the universe, it is common
to define the density parameter as
Ωi ≡ ρi
ρc
(2.6)
where ρc is the critical density for which the universe is spatially flat i.e. from equation (2.4)
ρc =
3H2
8piG for κ = 0. We define the total density parameter of the universe as
Ω =
∑
i
Ωi .
If we divide Friedmann equation (2.4) by H2, it can be written as∑
i
Ωi +Ωκ = Ωm +Ωr +ΩΛ +Ωκ = 1 (2.7)
where
ΩΛ =
Λ
3H2
=
8piG
3H2
ρΛ
and
Ωκ = − κ
H2a2
are the dark energy and curvature density parameters respectively. The matter density param-
eter consists of baryonic matter and non-relativistic cold dark matter (CDM), i.e.
Ωm = Ωb +ΩCDM .
The recent Planck observations of CMB [3] combined with WMAP polarization data [18] for
low multipoles l < 23, give the present values of the density parameters at 68%CL as:
Ωbh
2 = 0.02205± 0.00028, (2.8)
ΩCDMh
2 = 0.1199± 0.0027, (2.9)
ΩΛ = 0.685
+0.018
−0.016, (2.10)
where h is the dimensionless parameter defined through the present value of the Hubble pa-
rameter as
H0 = 100h km s
−1Mpc−1 = 67.3± 1.2 km s−1Mpc−1 .
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Therefore, the present observations suggest that our universe is composed of nearly 4.9% atoms
(or baryons), 26.8% (cold) dark matter and 68.3% of dark energy which adds up to approxi-
mately 1 in the total density parameter. According to Planck combined with BAO data [3]
Ωκ = 0.000± 0.005 (95% CL) , (2.11)
i.e., the observations suggest that the intrinsic geometry of our universe is (very close to) flat
i.e. κ ' 0 or the universe is at the critical density. Why the universe is so close to flat geometry
or at its critical density is known as flatness problem.
2.1 Inflation
We have seen that the ΛCDM model can describe the evolution of the universe in a great
detail. Before we discuss the mathematical description of inflation, let us briefly discuss the
problem of initial conditions. The conventional model of standard Big Bang cosmology requires
a set of fine-tuned initial conditions so that the universe could evolve to its present state. These
initial conditions are the assumptions of the extreme flatness and homogeneity in the beginning
of the universe. The dramatic flatness of the universe at its beginning can not be predicted or
explained by the standard model, instead it must be assumed as an initial condition. Similarly,
the large scale homogeneity of the universe is not predicted or explained by the standard model
but it must be assumed.
In the late 1970’s, cosmologists realised the problem of initial conditions with the ΛCDM
model and solution to these problems could be reached at with the invocation of Inflation, i.e.
an accelerated expansion phase in the early evolution of the universe [19] The cosmological
inflation is believed to took place in the very early universe around 10−35 seconds after the
Big Bang. Remarkably, inflation not only explains the large scale homogeneity and isotropy
of the universe but also widely accepted as responsible for the formation and evolution of the
structures in the universe. Inflation can provide the mechanism for producing the tiny density
fluctuations which are responsible for seeding the structures in our universe e.g. stars, galaxies
and galactic clusters.
Mathematically, the accelerated expansion of the FLRW universe or condition for inflation
can be given as
a¨ > 0. (2.12)
The second time derivative of the scale factor can easily be related to the time variation of the
Hubble parameter as
a¨
a
= H2(1− ), (2.13)
where  ≡ − H˙H2 . Therefore acceleration a¨ > 0 corresponds to
 = − H˙
H2
= − 1
H
dH
dN
< 1, (2.14)
here, we have defined dN as
dN = d ln a = Hdt ,
which determines the number of e-foldings in an inflationary expansion. More precisely the
number of e-foldings N during inflation in the time interval ti < t < te is given by the integral
N =
∫ te
ti
Hdt. (2.15)
The equation (2.14) implies that the fractional change in the Hubble parameter per e-folding is
small. An inflationary scenario where this change is too small i.e.  << 1 is termed as slow-roll
inflation. From the acceleration equation (2.5), we see that, for inflation, the energy density of
the universe must be dominated by a fluid whose equation of state satisfies the condition
ω ≡ p
ρ
< −1
3
. (2.16)
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2.2 Scalar Fields as a Source of Inflation
The existence of scalar fields in the very early universe is suggested by our best theories of
fundamental interactions in Nature, which predict that the universe went through a succession
of phase transitions in its early stages as it expanded and cooled. In general, the phase transition
occurs when certain scalar parameters known as Higgs fields acquire a non-zero value or vacuum
expectation value (VEV) via a process called spontaneous symmetry breaking. The symmetry
is manifest as long as the Higgs fields have not acquired vev and it is spontaneously broken as
soon as at least one of the Higgs fields become non-zero. Therefore, the existence of scalar fields
in the early universe is suggested by the occurrence of phase transitions and therefore provides
the motivation for considering them as the source of inflation (it can act as a negative pressure
source). The simplest inflation models involves a single scalar field φ which in the inflationary
context is termed as inflaton. The model is described by the following action
S =
∫
d4x
√−g
[
−M
2
p
2
R+
1
2
gµν∂µφ∂νφ+ V (φ)
]
(2.17)
=
∫
d4x
√−g (LEH + Lφ) . (2.18)
In this action the inflaton field has a minimal coupling with the gravity and a canonical kinetic
term. V (φ) is the potential of the field due to self-interaction and it can be different in different
inflation models. Here we will assume an arbitrary V (φ). We shall set Mp = 1, restore it at the
end of caluctions. The energy momentum tensor of the scalar field is
Tφµν = ∂µφ∂νφ− gµν
[
1
2
∂ρφ∂ρφ+ V (φ)
]
. (2.19)
In principle, scalar fields can be dependent on space and time both i.e. φ = φ(t,x), however
as we know that the universe is homogeneous on largest scales, therefore at the background
level, homogeneity implies that scalar field can be described by its time dependence only, i.e.
φ(t,x) ≡ φ(t). Therefore for the homogeneous background field, the energy momentum tensor
for φ takes the form of a perfect fluid (2.1) with energy density and pressure for scalar fields
given by
ρφ =
φ˙2
2
+ V (φ), (2.20)
pφ =
φ˙2
2
− V (φ) . (2.21)
The resulting equation of state is
ωφ ≡ pφ
ρφ
=
φ˙2
2 − V (φ)
φ˙2
2 + V (φ)
. (2.22)
If the potential energy of the field dominates over its kinetic energy i.e. φ˙2 << V (φ), then the
above simple relation (2.22) implies that the scalar field can act as a negative pressure source
i.e. ωφ < 0 and can provide accelerated expansion i.e. ωφ < − 13 (see (2.16)). The Friedmann
equation and the equation of motion of the scalar field are
H2 =
1
3
(
φ˙2
2
+ V (φ)
)
, (2.23)
φ¨ + 3Hφ˙+ V ′(φ) = 0 . (2.24)
These equations determine the dynamics of the space and scalar field in a FRW universe.
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2.2.1 Slow-roll Inflation
The equations (2.24) and (2.23) can be solved analytically for some specific potentials V (φ),
however in general, an analytical solution is possible only under slow-roll approximation. As
discussed above, slow-roll inflation occurs when φ˙2  V (φ) which implies that the field φ rolls
down the potential slow enough that the potential is nearly constant during inflation. A second
order differentiation of the condition φ˙2  V (φ) implies φ¨  V ′(φ) which ensures that the
accelerated expansion is sustained for a sufficient period of time. Under slow-roll approximation
equations (2.24) and (2.23) become
3Hφ˙ ' −V ′(φ), (2.25)
3H2 ' V (φ). (2.26)
It is worth noting that the time variation of the Hubble parameter and scalar field can be
related easily by differentiating equation (2.26) w.r.t. time and combining the result with Eq.
(2.25) as
H˙ ' − φ˙
2
2
. (2.27)
The slow-roll conditions φ˙2  V (φ) and φ¨  V ′(φ) can be put into useful dimensionless
parameters as
 = − H˙
H2
' 1
2
(
V ′(φ)
V (φ)
)2
 1, (2.28)
η = − φ¨
Hφ˙
' V
′′(φ)
V (φ)
 1. (2.29)
These two conditions ensures that the potential V (φ) is sufficiently flat that the field φ rolls
slowly enough for inflation to occur. After the end of inflation when field has crossed the flat
part of the potential, it fast rolls, φ˙2 ≈ V (φ), towards the minimum of the potential and then
oscillates and decays into the standard model particles.
It is worth considering the case in which V (φ) is nearly constant during some part of the
period of inflation during which Hubble expansion is constant. Solving (2.26), one obtains
that during this period scale factor evolves exponentially a(t) ∼ eHt, such a spacetime is
approximately de-Sitter. From the acceleration equation (2.13), it is clear that inflation ends
when (φe) = 1, which represents the violation of slow-roll condition  1 and as soon as this
condition is met i.e.  = 1, the kinetic energy of the field φ˙2 becomes comparable to its potential
energy V (φ) and the potential becomes steeper and field speeds up towards the minimum of
the potential. The number of e-foldings before the inflation ends, as defined in (2.28), is given
by (see (2.15))
N(φ) =
∫ te
ti
Hdt (2.30)
=
∫ φe
φi
H
φ˙
dφ '
∫ φi
φe
V
V ′
dφ ,
where we used the slow-roll equations (2.25) and (2.26). To solve the horizon and flatness
problems it is required that the total number of e-foldings during inflation exceeds 60
Ntot ≡ ln ae
ai
& 60. (2.31)
However the precise value of Ntot depends on the energy scale of inflation and details of the
reheating after inflation. It is during the slow-roll phase, which lasts nearly 40 − 60 e-folds
10 Will be inserted by the editor
before inflation ends (the precise value again is determined by the details of reheating and
post-inflationary evolution of the universe), when the quantum fluctuations in the field are
imprinted on the CMB and φi corresponds to the field value when these fluctuations in the
CMB are created.
2.3 Inflation models and key inflationary observables
The models of inflation can be broadly divided into two categories: large field inflation and small
field inflation. The class of models in which during inflation φs > 1Mp are called the large field
models. The chaotic potential V (φ) = λnφ
n models and exponential potential V (φ) = V0e
φ
models are the large field type models. In the chaotic inflation scenario, first introduced in [20],
as the universe exits the Planck era at t ∼ 10−43sec the initial value of the inflaton field is
set chaotically, i.e. it acquires different values in different parts of the universe and the initial
displacement of the field from the minimum of the potential is larger than Planck scale. These
models usually satisfy V ′′(φ) > 0. The small field inflation models, instead are characterized by
the fact that the slow-roll trajectory is at the small field values φs < 1Mp. In these models the
field starts close to an unstable maximum of the potential and rolls down to a stable minimum.
An example of small field models is ’new inflation’ [21] which arises naturally in the mechanism
of spontaneous symmetry breaking. In general, the form of the potential in these models are
V (φ) = V0(1− φn) and typically these models satisfy V ′′(φ) < 0.
A basic difference between the large field and small field models is that the large field
models predict large amplitude of gravity waves produced during inflation whereas the small
field models predict small amplitudes of gravity waves which are too small to be detected in
future observations. In either class of these models the inflation ends as soon as the slow-roll
conditions are violated and the field rolls down to the minimum of the potential, oscillates and
decays into the standard model particles. The decay process of the fields into standard model
particles is known as reheating and after this universe eventually enters into the radiation
domination phase [22,23].
The models of standard slow-roll inflation are typically defined through its scalar potential.
For any inflation model in order not to be ruled out, it must predict certain physical quantities
in agreement with the observations. These physical quantities/observables are: the amplitude
of the power spectrum of curvature perturbations ∆2R, spectral index ns, running of spectral
index αs and tensor-to-scalar ratio r. The latest constraints on the inflationary observables as
given by Planck-2015, for the combination Planck TT + lowP, are [2]
ln(1010∆2R) = 3.089± 0.036, (2.32)
ns = 0.9666± 0.0062, (2.33)
r0.002 < 0.1. (2.34)
The above values are for 7-parameter ΛCDM+r model, when there is no scale dependence of
the scalar and tensor spectral indices. The value of amplitude and spectral index are given at
68%CL at the pivot scale k = 0.05Mpc−1. Whereas the upper bound on tensor-to-scalar ratio
is determined at 95%CL at k = 0.002Mpc−1 [2]. There are numerous models of inflation. For
a review on variety of models of inflation we refer the reader to ref. [24] and references therein.
Also for 8-parameter ΛCDM+r+αs model, when there is k−dependence of the spectral
index or there is a running of the spectral index, the Planck observations give
ns = 0.9667± 0.0132, (2.35)
r0.05 < 0.168. (2.36)
The value of amplitude and spectral index are given at 68%CL at the pivot scale k = 0.05Mpc−1.
Whereas the upper bound on tensor-to-scalar ratio is determined at 95%CL at k = 0.05Mpc−1.
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However, the amplitude of the power spectrum remains the same. Notice that with running,
the constraint on tensor-to-scalar ratio is relaxed.
Later, the joint BICEP2/Keck Array and Planck analysis put an upper limit on tensor-to-
scalar [4]
r0.05 < 0.12 at 95%CL. (2.37)
Most recently BICEP2/Keck Array Collaboration with its CMB polarization data and combin-
ing it with Planck analysis of CMB polarization and temperature data have further improved
the bound on r [5,6]
r0.05 < 0.07 at 95%CL. (2.38)
We will use these observed values to constrain parameters of the models studied in this review.
3 Cosmological Perturbation Theory
Here we present the calculation of the primordial density fluctuations power spectra gener-
ated by quantum fluctuations in the inflaton field during inflation. Observation of the CMB
anisotropies δρρ ∼ 10−5 proves that the early universe was not perfectly uniform in its matter
distribution. However, as the observed anisotropies are very small, therefore these can be ana-
lyzed in terms of linear quantum fluctuations δφ(t,x) around the homogeneous background3.
The linear theory of cosmological perturbations is a cornerstone of the modern cosmology. It
not only explains the CMB anisotropies but also the formation and evolution of the structures
in the universe. The seed of these anisotropies were stretched to astronomical scales because of
the superluminal expansion of the cosmic space during inflationary quasi de-Sitter expansion.
This theory has been extensively studied in literature; the details can be found in Ref.s [25,26].
The linear perturbations of the metric gµν can be decomposed according to their spin
w.r.t. a local rotation of the spatial coordinates on the hypersurfaces of constant time into
three kinds of perturbations: scalar, vector and tensor. Here we will study only scalar and
tensor perturbations in detail. Scalar perturbations explain the CMB temperature anisotropy
(or matter density fluctuations) and the seed for the structure formations in the universe. One
can see from the Einstein field equation (1.2) (with Λ = 0) that the scalar perturbations which
give rise to perturbations in the energy-momentum tensor leads to metric perturbations. On
the other hand, metric perturbations back react through the perturbations in the KG equations
of motion (2.24) of the field, giving rise to field (or matter) perturbations. Therefore
δgµν(t,x)⇐⇒ δφ(t,x) . (3.39)
The tensor perturbations corresponds to primordial gravitational waves which is a generic
prediction of inflationary models. Observational constraints on the amplitude of the primordial
gravitational waves can be used to eliminate various inflation models.
3.1 Linear Perturbations
Linear order perturbations in the metric and field around the homogeneous background solu-
tions of the field φ(t) and the metric gµν(t) can be given as
δφ(t,x) = φ(t,x)− φ(t), (3.40)
δgµν(t,x) = gµν(t,x)− gµν(t). (3.41)
3 Since the measured CMB perturbations are small a linearized analysis of the KG and Einstein
equations suffices, and in particular we do not need a theory of quantum gravity to describe the
fluctuations. We quantize the perturbations, but keep the background classical.
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The most general linearly perturbed spatially flat FRW metric can be written as
ds2 = −(1 + 2Φ)dt2 + 2a(t)Bidtdxi + a(t)2 [(1− 2Ψ)δij + 2Eij ] dxidxj , (3.42)
where Φ, Ψ are the scalar perturbations, Bi are the vector perturbations and Eij are the ten-
sor perturbations. According to SVT decomposition scalar, vector and tensor perturbations are
decoupled during inflation and therefore evolve independently, this is also known as Decom-
position Theorem. This theorem implies that if some physical process in the early universe
sets up tensor perturbations then these do not induce scalar perturbations, on the other hand,
evolution of the scalar perturbations is unaffected by the presence of any possible vector and
tensor perturbations [27]. The importance of SVT decomposition is that the Einstein equations
for scalar, vector and tensor perturbations do not mix at linear order and can therefore be
studied separately. In this way the SVT decomposition greatly simplifies the calculations. The
vector perturbations are not sourced by inflation and furthermore they quickly decay with the
expansion of the universe [25]. Therefore we will ignore vector perturbations and focus on scalar
and tensor perturbations only.
According to SVT decomposition of the metric perturbations in real space, the vector Bi
can be decomposed into a gradient of as scalar, say B, and divergence free vector, say Si, as
Bi ≡ ∂iB − Si, where ∂iSi = 0, (3.43)
and similarly, any second rank tensor Eij can be written in terms of a divergence free vector
and a traceless and divergence free tensor as
Eij ≡ 2∂i∂jE + 2∂(iFj) + hij , (3.44)
where
∂iFi = 0, h
i
i = ∂
ihij = 0 .
Since the gµν is a symmetric tensor therefore in 4-dimensions it has 10 independent components
or 10 degrees of freedom (d.o.f.). The 10 d.o.f. of metric has been decomposed into 4 + 4 + 2
SVT d.o.f., i.e. 4 scalar d.o.f. Ψ, Φ,B,E, 2 vector d.o.f. for Si, Fi vectors each and 2 d.o.f. of
tensor hij .
3.2 Gauge Transformation and Gauge Invariance
In GR the gauge transformations are the general coordinate transformations from one local
reference frame to another. Here we will briefly review the gauge fixing and the behavior of
the scalar, vector and tensor perturbations under general coordinate transformation. We will
introduce the gauge invariant quantities in next Section. Fixing a gauge in GR implies choosing
a coordinate system, a slicing of spacetime into constant time hypersurfaces and threading
into lines with fixed spatial coordinate x. Now let us consider the infinitesimal coordinate
transformations
xµ → x˜µ = xµ + ξµ ,
where ξµ is a spacetime dependent infinitesimal quantity. At a given point on spacetime man-
ifolds, the metric in the new coordinate system x˜µ can be determined using the invariance of
the line-element
ds2 = gµνdx
µdxν = g˜µνdx˜
µdx˜ν ,
or by applying the usual tensor transformation law
g˜µν(x˜
ρ) =
∂xµ
∂x˜α
∂xν
∂x˜β
gµν(x
ρ). (3.45)
Consider splitting the metric gµν(x
ρ) into background and perturbed parts in both xµ and x˜µ
coordinate systems
gµν(x
ρ) = g(0)µν (x
ρ) + δgµν(x
ρ), (3.46)
g˜µν(x˜
ρ) = g(0)µν (x˜
ρ) + δg˜µν(x˜
ρ). (3.47)
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Note that we have not put tilde over the background metric because due to homogeneity and
isotropy, the background forms of the metric tensor (also vectors and scalars) does not change,
so that the background quantities behave the same way in the new coordinate system x˜µ.
Partial differentiation of coordinate transformations gives
∂xµ
∂x˜α
= δµα − ∂ξ
µ
∂x˜α
.
The background metric can be expanded as
g(0)µν (x
ρ) = g(0)µν (x˜
ρ − ξρ) ' g(0)µν (x˜ρ)−
∂g
(0)
αβ
∂x˜ρ
ξρ. (3.48)
Substituting (3.46) into (3.45) and comparing with (3.46) while using (3.48), one infers the
transformation law of metric tensor perturbation,
δgαβ(x
ρ)→ δg˜αβ(x˜ρ) = δgαβ −
∂g
(0)
αβ (x˜
ρ)
∂x˜ρ
ξρ − g(0)αν (xρ)
∂ξν
∂x˜β
− g(0)µβ (xρ)
∂ξµ
∂x˜α
. (3.49)
Similarly, for a 4−vector uµ(xρ) which transform as
u˜α(x˜
ρ) =
∂xµ
∂x˜α
uµ(x
ρ) ,
one obtains that its perturbation δuα(x
ρ) = uα(x
ρ)− u(0)α (xρ) transforms as
δuα(x
ρ)→ δu˜α(x˜ρ) = δuα(xρ)− ∂u
(0)
α (x˜ρ)
∂x˜ρ
ξρ − u(0)µ (xρ)
∂ξµ
∂x˜α
, (3.50)
while, for a scalar q(xµ), which doesn’t change under the coordinate transformation
q˜(x˜µ) = q(xµ) ,
one gets that its perturbation δq(xµ) = q(xµ)− q(0)(xµ) transforms as
δq(xµ)→ δq˜(x˜µ) = δq(xµ)− ∂q
(0)(x˜ρ)
∂x˜ρ
ξρ. (3.51)
Let us now write the temporal and spatial components of the infinitesimal vector xµ → x˜µ =
xµ + ξµ as
t→ t+ α, xi → xi + δij∂jβ , (3.52)
where
xµ ≡ (x0, xi) = (t, xi) , ξµ ≡ (ξ0, ξi) = (α, ∂iβ) .
α is infinitesimal temporal shift and β is a scalar function. Using the metric tensor and scalar
perturbation transformation laws (3.49) and (3.51), we find that the tensor perturbations hij are
invariant under the gauge transformations (and therefore they already represents gravitational
waves in a gauge invariant manner), whereas the scalar perturbations Φ, Ψ , B and E transform
as
Φ→ Φ− α˙,
Ψ → Ψ +Hα,
B → B + a−1α− aβ˙,
E → E − β, (3.53)
Thus we find that only α and β contributes to the transformations of the scalar perturbations
and we can choose them appropriately (as we are free to choose them) and can impose two
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conditions on the scalar functions Φ, Ψ , B and E to remove any two of them. This is called
the gauge fixing or gauge choice which corresponds to choosing a gauge transformation. It is
possible that the freedom in coordinate choice leads to an appearance of fictitious perturbation
modes which do not describe any real physical inhomogeneities. However, one can construct
gauge invariant quantities which do not depend on choice of coordinate system and represents
real inhomogeneities. Two important gauge-invariant quantities were introduced by Bardeen
[28]
ΦB ≡ Φ− d
dt
[a2(E˙ −B/a)], (3.54)
ΨB ≡ Ψ + a2H(E˙ −B/a). (3.55)
The gauge invariance of ΦB and ΨB implies that if they vanish in one particular coordinate
system then they will be vanishing in any coordinate system. Such a construction of gauge
invariant quantities allows us to distinguish between physical inhomogeneities and fictitious
perturbations. If there are metric perturbations present even when both ΦB and ΨB are zero,
then they are fictitious perturbations and can be eliminated using change of coordinates.
Using (3.51), we find that the perturbations of the scalar field φ transform as
δφ˜(x˜µ) = δφ(xµ)− ∂φ
(0)(xρ)
∂xρ
ξρ. (3.56)
Since the background field φ(0) = φ(t) is time-dependent only, therefore
δφ˜(x˜µ) = δφ(xµ)− φ˙(t)α, (3.57)
where α = ξ0. Also the matter perturbations or the perturbations to the total stress energy
tensor Tµν are given in terms of the perturbations of the energy density δρ, perturbations of
pressure δp and perturbations of momentum density δq. Under gauge transformation these
perturbations transform as
δρ→ δρ− ρ˙α,
δp→ δp− p˙α,
δq → δq + (ρ+ p)α. (3.58)
3.3 Gauge Invariant Variables
We discussed and explained the fictitious and real perturbations in previous Section. In order to
avoid the fictitious gauge modes, it is preferable to use the gauge-invariant combinations of the
matter and metric perturbations [28]. An important gauge-invariant quantity is the comoving
curvature perturbation R [29] defined as
R ≡ Ψ − H
ρ+ p
δq, (3.59)
this can also be given in terms of the metric perturbations in the longitudinal gauge as [30]
R = Ψ − H
H˙
(Ψ˙ +HΦ), (3.60)
and for perfect fluid, this can further be simplified to give (we use Ψ = Φ, see Eq. (3.88))
R = Φ− H
H˙
(Φ˙+HΦ). (3.61)
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The condition (3.59) can be constructed by considering the slicing of the spacetime into constant
δq (or constant-φ) hyperserfaces which provide the constraint
δq → δq + (ρ+ p)α = 0 =⇒ α = − δq
ρ+ p
(3.62)
substituting this α into the metric transformation relation Ψ → Ψ+Hα gives the relation (3.59)
forR. Since δq is the scalar 0i−component of the perturbed energy momentum tensor T 0i = ∂iδq
and during inflation T 0i = −φ˙∂iδφ, therefore both of these relations implies δq = −φ˙δφ. Also
from (2.20) we have ρ + p = φ˙2. Then the comoving curvature perturbations (3.59) during
inflation becomes
R ' Ψ + H
φ˙
δφ . (3.63)
Geometrical interpretation of R is that it measures the spatial curvature of the comoving
hypersurface where δφ = 0, i.e.
R = Ψ |δφ=0. (3.64)
Another important gauge-invariant quantity is curvature perturbations on constant energy den-
sity hypersurfaces ζ defined as
− ζ ≡ Ψ + H
ρ˙
δρ , (3.65)
Similar to R, the quantity ζ can be constructed by considering the slicing of the spacetime into
constant energy density hyperserfaces which provide the constraint
δρ→ δρ− ρ˙α = 0 =⇒ α = δρ
ρ˙
(3.66)
substituting this α into the metric transformation relation Ψ → Ψ+Hα gives the relation (3.65)
for ζ. Since during slow-roll (from equation (2.20)) one has
δρ = φ˙δφ˙+ V ′δφ ' V ′δφ
and
ρ˙ = φ˙φ¨+ V ′φ˙ ' V ′φ˙ .
These equations implies
δρ
ρ˙
' δφ
φ˙
.
As a consequence, −ζ becomes
− ζ ' Ψ + H
φ˙
δφ. (3.67)
Geometrical interpretation of ζ is that it measures the spatial curvature of the uniform density
hypersurface, i.e.
− ζ = Ψ |δρ=0. (3.68)
We see that the curvature perturbations R and ζ by construction are invariant under the gauge
transformations (3.52), which can be verified using (3.53) and (3.58) into their expressions
(3.59) and (3.65).
Also using the linearized Einstein field equations it can be shown that the gauge invariant
curvature perturbations ζ and R are related as [25]
− ζ = R+
(
k
aH
)2
2ρ
3(ρ+ p)
ΨB , (3.69)
which implies that on superhorizon scale k  aH, ζ and R are equal. Also we saw that under
slow-roll they are equal, cf. equations (3.63) and (3.67). We conclude that:
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The curvature perturbations ζ and R also share an important property that on superhorizon
scales they are conserved for adiabatic matter perturbations.
In general, it is possible that the pressure perturbations (in any gauge) can be split into
adiabatic and non-adiabatic (entropic) parts as
δp ≡ δpad + δpnad (3.70)
= c2sδρ+ δpnad , (3.71)
where c2s ≡ p˙ρ˙ and the adiabatic pressure perturbations are defined as
δpad ≡ p˙
ρ˙
δρ . (3.72)
They satisfy the condition
δp
p˙
=
δρ
ρ˙
(3.73)
which implies that a given time displacement δt causes the same relative fractional change δX
X˙
in all scalar quantities X ≡ (ρ, p, ...). The non-adiabatic part of the pressure perturbations
δpnad are defined as
δpnad ≡ p˙Γ ≡ δp− p˙
ρ˙
δρ , (3.74)
where
Γ ≡ δp
p˙
− δρ
ρ˙
, (3.75)
is the entropy perturbation, also known as isocurvature perturbation. Γ , defined in this way,
is gauge-invariant and represents the displacement between hypersurfaces of uniform pressure
and uniform density.
Using the perturbed Einstein field equations (3.80), as discussed in detail in the next Sec-
tion, it can be shown that the evolution of the gauge invariant curvature perturbations in the
longitudinal gauge is given by [31,25]
R˙ = − H
ρ+ p
δpnad +
(
k
aH
)2 [
H2
3(ρ+ p)
δq
]
, (3.76)
therefore if there are no non-adiabatic matter perturbations δpnad = 0 or no isocurvature
perturbations Γ = 0, the curvature perturbations R (also ζ, cf. equation (3.69)) are conserved
on superhorizon scales k  aH.
Physical Interpretation of Adiabatic (Curvature) and Isocurvature perturba-
tions: If the curvature perturbations are such that they can not give rise to variations in
the relative density between different components of the cosmological fluid (photons, baryons,
neutrinos and CDM particles) after inflation, then the curvature perturbations are adiabatic :
δ
(
nm
nr
)
= 0 =⇒ δnm
nm
=
δnr
nr
, (3.77)
where
δn = n(t,x)− n(0)(t)
and the index m collectively stands for non-relativistic matter components e.g. baryons and
CDM and index r for relativistic matter components e.g. photons and neutrinos. Since
n(m,r) ∝ a−3 , ρm ∝ a−3 , ρr ∝ a−4 ,
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the condition (3.77) gives
δρm
ρm
=
3
4
δρr
ρr
. (3.78)
In single-field slow inflationary scenario, the condition (3.78) holds and therefore the pertur-
bations produced by single-field inflation are purely adiabatic. However, in inflationary models
with more than one field, the perturbations are not necessarily adiabatic. If during inflation
there are more than one field and all are evolving in time, the fluctuations orthogonal to
background trajectory can affect the relative density between different components of the cos-
mological fluid even if the total density (and therefore spatial curvature) is unperturbed [32].
For example, the relative density perturbations (isocurvature/entropy perturbations) between
photon and CDM can be defined as
Γmγ ≡ δρcdm
ρcdm
− 3
4
δργ
ργ
. (3.79)
Since adiabatic and isocurvature perturbations give different peak structure in the CMB power
spectrum, therefore different type of perturbations can be distinguished from the CMB mea-
surements. In fact, CMB observations suggest that even if the isocurvature perturbations are
present, their amplitude is vanishingly small compared to amplitude of the adiabatic (curvature)
perturbations [2]. The theoretical predictions of the isocurvature perturbations are extremely
model dependent. Not only the presence of more than one scalar field may give rise to entropic
perturbations but these may also be generated in non-minimally coupled inflation models [31].
Also the post-inflationary evolution may generate them.
3.4 Curvature Perturbation and Scalar Power Spectrum
For a metric with small perturbations, the Einstein tensor Gνµ can be written as
Gνµ = G
(0)
νµ + δGνµ + .... ,
where δGνµ represents the terms with linear metric perturbations δgµν . The stress energy tensor
T νµ can be split in a similar fashion and we get the linearized Einstein field equations
δGνµ = 8piG δT
ν
µ . (3.80)
The gauge freedom allows to choose the two functions α and β which provides two conditions
on the scalar functions Φ, Ψ , B, E and therefore allows to remove any two of them. The gauge
freedom greatly simplifies the calculations and knowing the solutions of the gauge-invariant
variables, one can calculate the density and metric perturbations in any coordinate system in a
simple way [33]. One of many useful gauges is the conformal Newtonian gauge or longitudinal
gauge which is defined by the conditions
B = 0 , E = 0 .
In this gauge the FRW line element assumes the simple form
ds2 = −(1 + 2Φ)dt2 + a(t)2(1− 2Ψ)δijdxidxj . (3.81)
Now we calculate the perturbed Einstein field equations (3.80). For the metric (3.81), the
components of the perturbed Einstein tensor can be obtained as
δG00 = −2∇2Ψ + 6H2Φ+ 6HΨ˙, (3.82)
δG0i = −2∂i(HΦ+ Ψ˙), (3.83)
δGij = ∂
i∂j(Ψ − Φ) + [∇2(Φ− Ψ) + 2Ψ¨ + (4H˙ + 6H2)Φ+H(2Φ˙+ 2Ψ˙)]δij . (3.84)
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Using the perfect fluid description as defined in equation (2.1) and the stress-energy-momentum
tensor for the scalar field φ as defined in equation (2.19), the components of the perturbed Tµν
are given by
δT 00 = −δρ = φ˙2Φ− φ˙δφ˙− V ′δφ, (3.85)
δT 0i = δq = −φ˙∂iδφ, (3.86)
δT ij = δp = [−φ˙2Φ+ φ˙δφ˙− V ′δφ]δij . (3.87)
where the relation
δT νµ = δ(g
ντTµτ ) = δg
ντTµτ + g
ντδTµτ
has been used. To compute the curvature perturbation R, one first considers the ij-component
of the perturbed Einstein field equation (3.80). From equation (3.87), we see that the stress
energy tensor has no off-diagonal components, therefore taking the off-diagonal components,
i.e. i 6= j, of the equations (3.84) and (3.87), we have
∂i∂j(Ψ − Φ) = 0 =⇒ Φ = Ψ, (3.88)
therefore we can work with any of the variable Φ or Ψ , let’s work with Ψ . We note that if the
spatial part of the stress energy tensor is diagonal, i.e. δT ij ∝ δij , the variable Φ or Ψ can be seen
as a generalisation of the Newtonian potential which therefore explains the name Newtonian
gauge for this choice of coordinate system. Considering the diagonal components, i.e. i = j, of
equations (3.84) and (3.87), one gets
Ψ¨ + 4HΨ˙ + (2H˙ + 3H2)Ψ = −φ˙2Φ+ φ˙δφ˙− V ′δφ. (3.89)
Since φ is background quantity which is only time dependent, therefore equations (3.83) and
(3.86) for 0i-components give
Ψ˙ +HΨ = 4piG φ˙δφ = H2
δφ
φ˙
, (3.90)
where  = 4piG φ˙
2
H2 (slow-roll parameter). Similarly the equations (3.82) and (3.85) for 00-
component gives
∇2Ψ − 3HΨ˙ − 3H2Ψ = 4piG(φ˙δφ˙− φ˙2Ψ + V ′δφ). (3.91)
For the purpose of analysis, it is convenient to work in terms of the Fourier decomposition of
the metric and the field perturbations, and see what happens to a perturbation corresponding
to a given comoving spatial scale k with corresponding comoving wavelength λ = 2pik . Using
Fourier transformation, we can decompose the perturbations Ψ and δφ into a superposition of
plane-wave states with comoving wavevector k :
Ψ(t,x) =
∫
d3k
(2pi)3/2
Ψk(t)e
ik.x. (3.92)
A similar expression holds for δφ. The evolution of a mode amplitude Ψk or δφk depends only
on the comoving wavenumber k = |k| whereas the corresponding actual physical wavenumber
is ka(t) as λ ∝ k−1 ∝ a. Using (3.92) it is easy to show that both the perturbations satisfy the
Poisson equation:
∇2Ψk = −k2Ψk , ∇2δφk = −k2δφk. (3.93)
Using these Poisson’s equations for perturbations we can simply work in terms of Ψk and δφk.
We now add equations (3.90) and (3.91) to arrive at the equation of motion of gravitational
potential Ψ as
Ψ¨k +
(
H − 2 φ¨
φ˙
)
Ψ˙k + 2
(
H˙ −H φ¨
φ˙
)
Ψk +
k2
a
Ψk = 0, (3.94)
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where we have used the background equation for scalar field V ′ ' −3Hφ˙ and the relation
H˙ ' −4piG φ˙2. Using the slow-roll parameter relation
δ = η −  = −φ¨
Hφ˙
,
the above equation (3.94) can also be given as
Ψ¨k +H (1− 2+ 2η) Ψ˙k + 2H2 (η − 2)Ψk + k
2
a
Ψk = 0, (3.95)
Since the slow-roll parameters satisfy   1 and η  1, it is easy to infer from the above
equation (3.95) that on superhorizon scales k  (aH),
Ψ˙k ' 2(2− η)HΨk =⇒ Ψ˙k  HΨk (3.96)
which implies that on superhorizon scales the time variations of the perturbations Ψk can be
safely neglected compared to HΨk. This relation holds true for field perturbations as well,
i.e. δφ˙k  Hδφk. Therefore on superhorizon scales, from equation (3.90), we can relate the
gravitational potential and field perturbations as
Ψk ' H δφ
φ˙
, (3.97)
This can be used to compute the comoving curvature perturbation Rk on superhorizon scale
(3.63) as
Rk ' Ψk + H
φ˙
δφk (3.98)
' (1 + )H
φ˙
δφk
≈ H
φ˙
δφk . (3.99)
Before we go any further, it is convenient to define the Power Spectrum. It characterizes the
properties of perturbations. Any generic quantity f(t,x) in the Fourier space can be expanded
as
f(t,x) =
∫
d3k
(2pi)3/2
fk(t)e
ik.x, (3.100)
and the power spectrum Pf (k) of the quantity fk(t) is defined through
〈|f∗kfk′ |〉 ≡ δ(3)(k− k′)
2pi2
k3
Pf (k), (3.101)
where 〈|f∗kfk′ |〉 implies the vacuum expectation value of the quantity fk(t) in the vacuum
quantum state |0〉 of the system and δ(3)(k − k′) is the three dimensional Kronecker delta
function. The definition (3.101) lead to the power spectrum:
Pf (k) = k
3
2pi2
〈|fk|2〉. (3.102)
Therefore, using (3.102), we may write the power spectrum of comoving curvature perturbation
R as
PR(k) = k
3
2pi2
〈|Rk|2〉 . (3.103)
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Hence, using (3.98), the power spectrum of comoving curvature perturbation on superhorizon
scale k  (aH) becomes
PR(k) ' k
3
2pi2
H2
φ˙2
〈|δφk|2〉 (3.104)
' k
3
4pi2M2p
〈|δφk|2〉 .
Now we are left to calculate the time evolution of the field perturbation mode amplitudes δφk.
Consider perturbing the KG equation of motion (2.24) for scalar field φ, i.e. taking the variation
of KG equation, we get
δφ¨k + 3Hδφ˙k +
k2
a2
δφk + V
′′δφk = −2V ′Ψk + 4φ˙Ψ˙k (3.105)
where we have used the background equation (2.25). Since on superhorizon scales |2V ′Ψk| 
|4φ˙Ψ˙k| (which follows from the condition Ψ˙k  HΨk upon using the relation V ′ ' −3Hφ˙), using
equation (3.97) and (2.25), the perturbed KG equation on superhorizon scale can be written as
δφ¨k + 3Hδφ˙k + (V
′′ + 6H2)δφk = 0. (3.106)
In the above equation (3.106), replacing the variable δφk with
δσk
a and introducing the conformal
time dτ = dta one infers
δσ′′k −
1
τ2
(
ν2 − 1
4
)
δσk = 0, (3.107)
where prime denotes the derivatives w.r.t. conformal time τ and
ν2 =
(
9
4
− m
2
φ
H2
)
' 9
4
+ 9− 3η. (3.108)
In deriving the above relation (3.107), we have used the relations
η =
V ′′
V
' m
2
φ
3H2
,
a′′
a
=
1
τ2
(
ν2 − 1
4
)
' 1
τ2
(2 + 3) ,
which can be obtained using the definition of the conformal time during quasi de-Sitter expan-
sion. Under quasi de-Sitter expansion during which the Hubble rate is not exactly constant and
follow the relation H˙ = −H2, the definition of conformal time establishes the relation for the
scale factor as
a(τ) = − 1
Hτ
1
1−  .
We see that the perturbed KG equation (3.107) is Bessel equation and its solution can be given
in terms of Hankel functions
δσk =
√−τ [c1(k)H(1)ν (−kτ) + c2(k)H(2)ν (−kτ)], (3.109)
where H
(1)
ν and H
(2)
ν are the Hankel’s functions of the first and second kind, respectively. We
assume that in the ultraviolet regime, i.e. on subhorizon scales, k  aH (−kτ  1) the solutions
matches the plane wave solutions e−ikτ/
√
2k. The assumption that in the ultraviolet regime
when the mode wavelengths are of sub horizon size the modes should behave like plane waves
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as we expect in the flat Minkowski spacetime is called the Bunch-Davies boundary condition.
In the limit −kτ  1 Hankel’s functions are given by
H(1)ν (−kτ  1) ∼
√
2
−kτpi e
i(−kτ−pi2 ν−pi4 ) , (3.110)
H(2)ν (−kτ  1) ∼
√
2
−kτpi e
i(−kτ−pi2 ν−pi4 ) . (3.111)
Setting
c1(k) =
√
pi
2
ei(ν+
1
2 )
pi
2 , c2(k) = 0 ,
from equation (3.109) one dervies the exact solution for δσk
δσk =
√
pi
2
ei(ν+
1
2 )
pi
2
√−τH(1)ν (−kτ). (3.112)
As we are interested in the modes which have become superhorizon k  aH (−kτ  1) during
inflation, knowing that in the limit −kτ  1 Hankel’s function have solution
H(1)ν (−kτ  1) ∼
√
2
pi
Γ (ν)
Γ (3/2)
2ν−
3
2 e−i
pi
2 (−kτ)−ν , (3.113)
the solution (3.112) on superhorizon scales becomes
δσk ' Γ (ν)
Γ (3/2)
2ν−
3
2 ei(ν+
1
2 )
pi
2
1√
2k
(−kτ) 12−ν . (3.114)
Since  1 and η  1, we can set ν ∼ 32 in the factors but will not do the same in the exponent
because exponent term (−kτ) 12−ν gives the small scale dependence of the power spectrum of
perturbations. Going back to original variable δφk, we find the the fluctuations on superhorizon
scales in cosmic time
|δφk(t)| ' H√
2k3
(
k
aH
) 3
2−ν
. (3.115)
Therefore the power spectrum of fluctuations, from (3.104), becomes
PR(k) ' 1
8pi2
H2
M2p
(
k
aH
)ns−1
(3.116)
≡ ∆2R
(
k
aH
)ns−1
,
where we have defined the spectral index ns of the comoving curvature perturbations, which
determines the tilt of the power spectrum or the small deviation of the power spectrum from
scale invariance, as
ns − 1 ≡ d lnPR
d ln k
(3.117)
= 3− 2ν = 2η − 6 .
Since the slow-roll parameters  and η are much smaller than unity, therefore ns− 1 ' 0 which
implies inflation is responsible for producing the curvature perturbations with an almost scale
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invariant spectrum. For comparison with the observations, the power spectrum (3.116) can be
given as
PR(k) = ∆2R(k0)
(
k
k0
)ns−1
, (3.118)
where
k0 = a0H0
is the pivot scale. The pivot scale corresponds to a wavelength λ0 ∝ k−10 at which the instrument
measuring the CMB radiation has the maximum sensitivity. ∆2R(k0) is the amplitude of the
power spectrum at the pivot scale k0.
It is possible that spectral index may depend on scales k. The running (variation) of the
spectral index αs with modes k is defined as
αs ≡ dns
d ln k
, (3.119)
the running of the spectral index with scale arises only at the second order in slow-roll param-
eters and is therefore expected to be very small αs = O(2). Using the fact that dNdt = H, at
horizon crossing k = a(tk)H(tk) we find
d ln k
dt
= H
(
1 +
H˙
H2
)
≈ H .
The αs can be written as
αs =
dns
dφ
dφ
dt
dt
d ln k
(3.120)
=
φ˙
H
dns
dφ
= −V
′
V
dns
dφ
, (3.121)
where in the last equality we have used the background slow-roll equations (2.25) and (2.26).
Now using spectral index relation (3.117) and the definition of slow-roll parameters in terms of
scalar potential, the αs in terms of slow-roll parameters can be given as
αs = 16η − 242 − 2ξ , (3.122)
where the slow-roll parameter ξ is defined as
ξ =
V ′V ′′′
V 2
.
3.5 Tensor Power Spectrum
Along with density fluctuations (or scalar perturbations), inflation also predicts the existence of
gravitational waves which are identified with the tensor perturbations in the metric. According
to SVT decomposition theorem all perturbations (scalar,vector and tensor) evolve indepen-
dently. The line element for tensor perturbations around the flat background is given by
ds2 = −dt2 + a2(δij + hij)dxidxj , (3.123)
where hij  1. The tensor perturbations hij has 6 d.o.f., but as we have seen the tensor
perturbations are traceless and divergence free, that is
δijhij = 0 , ∂
ihij = 0 .
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These 4 conditions reduces the tensor d.o.f. to 2 physical d.o.f. which corresponds to 2 polar-
isations of the gravitational waves, indicated by s = +,×. The components of the perturbed
Ricci scalar and Ricci curvature are
δR00 = 0, δRi0 = 0, δR = 0, (3.124)
δRij = − 1
2a2(t)
O2hij +
1
2
h¨ij − a˙
2a
h˙ij + 2
(
a˙
a
)2
hij .
For a diagonal stress-energy tensor, as provided by inflaton, Eq. (2.19), the tensor modes do not
have any source term in their equation of motion. This statement can be verified very easily by
calculating the perturbed Einstein field equations for the tensor perturbations metric (3.123)
where we find δR = 0 and δRµν = 0 for all components except i 6= j and δT ij = 0 for i 6= j.
Therefore we have a glimmer of decomposition theorem and we can state that the e.o.m. for
tensor metric perturbations have no scalar (inflaton) source in it and they evolve independent
of scalar perturbations. Using the above mentioned perturbed components of Ricci scalar and
Ricci curvature into the perturbed field equations (3.80) the e.o.m. (3.128) for tensor metric
perturbations hij can be obtained.
In a more simpler manner the equation of motion for hij can be obtained from second order
expansion of the Einstein-Hilbert action [25,26]
S(2) =
M2p
2
∫
dx4
√−g 1
2
∂ρhij∂
ρhij (3.125)
=
M2p
4
∫
dηdx3
a2
2
[(h′ij)
2 − (∂lhij)2] .
This is the same actions as for the free massless scalar field in FRW universe. We define the
following Fourier expansion
hij =
∫
d3k
(2pi)3
∑
s=+,×
hsk(τ)e
s
ij(k)e
ik.x, (3.126)
where esij are the polarization tensors which satisfy the following properties
eij(k) = eji(k), eii(k) = 0, k
ieij(k) = 0, e
s
ij(k)e
s′
ij(k) = 2δss′ . (3.127)
Using (3.126) and (3.127), the action (3.125) leads to the e.o.m. for the quantity hk
hs′′k + 2
a′
a
hs′k + k
2hsk = 0. (3.128)
Defining the canonically normalized field νsk ≡ 12ahskMp, the e.o.m. (3.128) becomes
νs′′k +
(
k2 − a
′′
a
)
νsk = 0, (3.129)
where
a′′
a
=
2
η2
(2 + 3)
during quasi de-Sitter epoch when H˙ = −H. On super horizon scale k  aH, k2 term in
the equation (3.129) can be neglected and then it exactly matches with the Mukhanov-Sasaki
equation (3.107) for the massless scalar field in FRW universe during quasi de-Sitter epoch
whose solution on superhorizon scales can be given in analogy with the solution (3.115) for δσk
as
|νsk| =
1
Mp
aH√
2k3
(
k
aH
) 3
2−νT
. (3.130)
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Here the quantity νT , given by
νT ' 3
2
+  ,
has been obtained using the relation
a′′
a
=
1
η2
(
ν2T −
1
4
)
' 1
η2
(2 + 3) .
Also, since the equation (3.129) or the action (3.125) matches with the equations for massless
scalar field, therefore there will be no appearance of slow-roll parameter η in νT through mφ in
contrast to relation (3.108).
To characterize the tensor perturbations, we define the power spectrum of tensor perturba-
tions as
PT ≡ k
3
2pi2
∑
s=+,×
|hsk|2 = 2×
k3
2pi3
4|νsk|2
a2
, (3.131)
where the factor of 2 is due to the sum over the two polarization states of the gravitational
wave. Substituting for the solution (3.130), we get the amplitude of the tensor power spectrum
on superhorizon scales as
PT = 2
pi2
H2
M2p
(
k
aH
)nT
(3.132)
≡ ∆2T
(
k
aH
)nT
.
Similar to scalar spectral index ns, we can define the tensor spectral index nT as
nT ≡ d lnPT
d ln k
(3.133)
= 3− 2νT = −2 .
Tensor-to-scalar ratio and energy scale of inflation: Amplitude of the tensor pertur-
bations are often normalized relative to the measured amplitude of the scalar perturbations
∆2R ' 1.95× 10−9. The tensor-to-scalar ratio r is defined as the ratio of the two amplitudes
r ≡ ∆
2
T
∆2R
= 16 , (3.134)
which determines the relative contribution of the tensor modes to mean squared low multipole
CMB anisotropy. In the last equality in above equation (3.134), we have used the amplitude
relations (3.116) and (3.132) for scalar and tensor perturbations. Since scalar amplitude is
fixed from the observations ∆2R ' 1.95 × 10−9 and, from (3.132), amplitude of the tensor
perturbations ∆2T ∝ H2 ≈ V (φ), therefore the value of tensor-to-scalar ratio is a direct measure
of energy scale of inflation:
V (φ)1/4 ∼
( r
0.01
)1/4
1016 GeV . (3.135)
The value of tensor-to-scalar ratio r > 0.01 implies inflation occurring at the GUT energy scale
1016 GeV .
The Lyth bound and large-field inflation: Inflation models which can predict large
amplitude of the gravity waves (or large r) are extremely sensitive to super Planckian physics.
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Here we will derive the Lyth bound which relates the tensor-to-scalar ratio with super Planckian
displacement of the inflaton value ∆φ during inflation. During slow-roll inflation, using (2.27)
and (2.28), the slow-roll parameter  can be given as
 ' 1
2M2p
φ˙2
H2
(3.136)
=
1
2M2p
(
dφ
dN
)2
,
where we have used the relation
N = Hdt =
H
φ˙
dφ .
Therefore the tensor-to-scalar ratio can be directly related to the evolution of the inflaton as a
function of e-foldings N
r = 16 ' 8
M2p
(
dφ
dN
)2
, (3.137)
which implies that the total change in the field during inflation between the times when ob-
servable CMB modes leaves the horizon at Ncmb = Ns and the end of inflation at Ne can be
given by the following integral
∆φ
Mp
=
∫ Ne
Ns
√
r
8
dN. (3.138)
Since during slow-roll inflation r doesn’t evolve much with change in N , therefore the above
integral, for ∆N = Ns −Ne ≈ 60, gives
∆φ
Mp
' O(1)
( r
0.01
)1/4
, (3.139)
so the large value of tensor-to-scalar ratio, r > 0.01, implies large field inflation ∆φ > Mp. Or
∆φ > Mp ⇒ (φs − φe) > Mp ⇒ φs > Mp, since φe > 0, implies inflaton field values are super
Planckian during the time observable CMB modes leave the horizon.
We will use the formalism and expressions for power spectrum, spectral index and its run-
ning, and tensor-to-scalar ratio derived here extensively in Section [5] where we disccuss various
Extended Theories of Gravity models.
4 INFLATION IN MODIFIED GRAVITY AND SUPERGRAVITY
In the remaining part of this review, we discuss different extended theories of gravity and
supergravity theory. We then study the single and double field models of inflation in the context
of modified gravity theories. In order to motivate these models, as they are not generic in the
particle physics models, we derive them from supergravity.
4.1 Extended Theories of Gravity
Due to the problems of Standard Cosmological Model, and, the absence of a definitive quantum
theory of gravity, Extended Theories of Gravity (ETGs), which are based on corrections and
generalizations of Einstein’s theory, seems to be a very fruitful approach. They rely in con-
structing the (effective) action of gravitational interactions by taking into account higher-order
curvature invariants, as well as scalar fields that are minimally or non-minimally coupled to
gravity [34].
26 Will be inserted by the editor
The modifications of GR are mainly motivated for including in a theory the Mach Principle.
According to it, the average motion of distant astronomical objects affects the determination
of the local inertial frame [35]. As a consequence, the gravitational coupling can be scale-
dependent (varying gravitational coupling), presumably related to some scalar field, which
leads to a revision of the concept of ”inertia” and the Equivalence Principle. Besides, it is a
consolidate fact that the effective actions of every unification scheme (such as Superstrings,
SUGRA, Kaluza-Klein theories and GUT) include non-minimal couplings to the geometry
or higher-order terms in the curvature invariants. The origin of these additional terms are
due to one-loop or higher-loop corrections in the high-curvature regimes (i.e. the interactions
among quantum fields and background geometry or the gravitational self-interactions yield
corrective terms in the Hilbert-Einstein Lagrangian) [34,36]. Specifically, in constructing an
effective gravitational action by taking into account quantum corrections, one finds that higher-
order terms in curvature invariants, such as R2, RµνR
µν , RµναβRµναβ , RR, or RkR, or
non-minimally coupled terms between scalar fields and geometry, such as φ2R, have to be
necessarily added in the action. A relevant aspect of these models is that, by mean of conformal
transformations, the higher-order terms and non-minimally coupled terms always correspond
to Einstein’s gravity plus one or more than one minimally coupled scalar fields [37]. It must be
mentioned that the debate on the physical meaning of conformal transformations is far to be
solved [38]. Besides the fundamental physics motivations, all these extended theories of gravity
have acquired a huge interest in cosmology due to the fact that they in a natural way exhibit
inflationary behaviours able to overcome the shortcomings of Cosmological Standard Model,
and match with the Cosmic Microwave Background (CMB) Radiation observations [39].
One of the simplest modifications to GR is the so called f(R)−gravity in which the La-
grangian density f(R) can be a generic function of Ricci scalar R [40]. A very well known
model with f(R) = R + 1M2R
2, (M > 0), is the Starobinsky model of inflation which can lead
to an accelerated expansion of the universe due to the presence of the term 1M2R
2 [41]. This
model is well consistent with observations of the CMB anisotropies and therefore can be a viable
alternative to the scalar field model of inflation. It is known that the f(R) gravity theories in
the metric formalism (in which the field equations are obtained by varying the action w.r.t. the
metric gµν) are equivalent to scalar-tensor theory, the Brans-Dicke theory, with the Brans-Dicke
parameter ωBD equals to zero [42]. Another class of models with a coupling between field and
curvature scalar are the non-minimally coupled inflation models, whose Lagrangian density is
f(φ)R. A simplest model of inflation with non-minimal coupling is the Higgs inflation model
where the Higgs scalar φ can give rise to a viable inflationary phase as a result of coupling
with the curvature scalar of the form f(φ)R = R+ ξφ2R, where ξ is the non-minimal coupling
parameter [43]. Interestingly, the Starobinsky model of inflation is shown to be equivalent to
Higgs inflation model in the conformal Einstein frame [42,43]. Both of these models lead to
the same scalar potential in Einstein frame: it is possible to transform indeed f(R) and f(φ)R
gravity actions into an Einstein gravity action via a conformal transformation of the metric gµν
and redefinition of the field φ.
We recall the main properties of conformal transformations:
g˜µν(x) = Ω
2(x)gµν(x) , (4.1)
g˜µν = Ω−2gµν ,
ds2 = Ω−2ds˜2 ,√−g = Ω−4
√
−g˜ ,
R = Ω2
[
R˜+ 6
˜Ω
Ω
− 12 g˜
µν∂µΩ∂νΩ
Ω2
]
.
Hereafter tilde represents quantities in the Einstein frame (EF). To better understand the
mechanism of conformal transformations, we take f(R) and f(φ)R gravity action as examples
and show that it can be recast into Einstein frame action. Exhaustive studies of f(R), f(φ)R
and more generally f(φ,R) theories can be found in Refs. [42]
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4.1.1 Example I: f(R) gravity
Among the different approaches proposed to generalize Einstein’s General Relativity, the f(R)-
theories of gravity have received a growing attention (see for example [44,45]). The reason
relies on the fact that they allow to explain, via gravitational dynamics, the observed acceler-
ating phase of the Universe [1], without invoking exotic matter as sources of dark matter or
extradimensions. In these models, the Hilbert-Einstein (1.1) is generalized as
S =
1
8piG
∫
d4x
√−g f(R) + S(m) , (4.2)
This model of f(R) gravity is equivalent to scalar-tensor theories [46]. The variation of (4.2)
with respect to the metric yields the fourth order field equations
Gµν = κ2T (m)µν , (4.3)
Gµν ≡ f ′Rµν − f
2
gµν −∇µ∇νf ′ + gµνf ′ ,
where the prime indicates the derivative with respect to the scalar curvature R. Notice that
the Bianchi’s identities are fulfilled
∇αGαβ = 0 = ∇αT (m)αβ .
The trace equation is given by
3f ′(R) + f ′(R)R− 2f(R) = κ2 T (m) . (4.4)
Field equations can be cast in the form4
Gµν ≡ Rµν − 1
2
gµνR = κ
2
(
T curvµν + T
m
µν
)
, (4.5)
T curvµν =
1
κ2f ′(R)
{gµν [f(R)−Rf ′(R)] + f ′(R);ρσ (gµρgνσ − gρσgµν)} (4.6)
Tmµν =
T
(m)
µν
f ′(R)
. (4.7)
For a Universe described by the FRW metric, the cosmic acceleration is achieved when the right
handed side of the acceleration equation remains positive
a¨
a
∝ −(ρtot + ptot)
where
ρtot = ρ
m + ρcurv ,
ptot = p
m + pcurv .
In particular, if the Universe is filled by dust (pm = 0), one has
ρm + ρcurv + 3pcurv < 0 → wcurv < −ρ
m + ρcurv
3ρcurv
,
4 In the right-hand side of Eq. (4.5) two effective fluids appear: a curvature fluid and a standard matter
fluid. This representation allows to treat fourth order gravity as standard Einstein gravity in presence
of two effective sources [47]. This means that such fluids can admit features that could be unphysical for
standard matter. Consequently all the thermodynamical quantities associated with curvature should
be considered effective and not bounded by the standard constraints related to matter fields. Moreover,
this description does not compromise any of the thermodynamical features of standard matter since
Bianchi’s identities are separately fulfilled for both fluids.
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where
ρcurv =
1
f ′
[
f −Rf ′
2
− 3HR˙f ′′
]
, (4.8)
pcurv = R˙2f ′′′ + 2HR˙f ′′ + R¨f ′′ +
1
2
(f −Rf ′) , (4.9)
wcurv =
pcurv
ρcurv
= −1 + R¨f
′′ + R˙(R˙f ′′′ −Hf ′′)
1
2 (f −Rf ′)− 3HR˙f ′′
. (4.10)
Owing to the freedom to choose the form of the function f(R), many models can be investigated.
All these models have to fulfill the conditions f ′ > 0, in order that the effective gravitational
coupling is positive, and f ′′ > 0 to avoid the Dolgov-Kawasaki instability [48].
Effective potentials in the Einstein frame - Let us now discuss as the further gravitational
degrees of freedom coming from f(R) gravity can be figure out as an additional scalar field.
Taking
eχ ≡ Ω2 , g˜µν = e2χgµν , χ = 1
2
ln |f ′(R)| , (4.11)
and setting
kϕ = χ (k =
1√
6
) ,
it can be shown that the Lagrangian density of f(R) in (4.2) can be recast in the (conformally)
equivalent form [44]
√−gf(R) =
√
−g˜
(
−1
2
R˜+
1
2
∇µϕ∇µϕ− V
)
. (4.12)
The field equations are
G˜µν = κ
2
[
∇µϕ∇νϕ− 1
2
g˜µν∇ρϕ∇ρϕ+ g˜µνV (ϕ)
]
, (4.13)
where G˜µν is the Einstein tensor written in terms of the metric g˜µν . The potential V is given
by
V =
f −Rf ′
2f ′ 2
. (4.14)
As an application, consider the model f = R + αRn. Inverting χ in (4.11) (f ′ = e2kϕ), one
obtains
R =
[
1
αn
(e2kϕ − 1)
] 1
n−1
,
so that the potential (4.14) reads
V =
α(1− n)
2
e−4kϕ
[
1
αn
(e2kϕ − 1)
] n
n−1
(4.15)
=
2
1
n−1α(1− n)
(αn)
n
n−1
ek
4−3n
n−1 ϕ [sinh kϕ]
n
n−1 .
For kϕ 1 the potential assumes a power law behavior
V ' V0ϕδ , (4.16)
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where
V0 ≡ 2
1
n−1 α(1− n)
(αn)
n
n−1
, δ ≡ n
n− 1 .
Such a form of potential has been widely studied in literature in the framework of alternative
theories of gravity [44]. For n = 2 the potential (4.15) tends to a constant value for large kϕ
V → V0
4
as kϕ 1 . (4.17)
Therefore, in this regime the potential plays the role of a cosmological constant.
4.1.2 Example II: f(φ)R gravity
The action of a single-field non-minimal coupled is given by (in the Jordan frame (JF))
SJ =
∫
d4x
√−g
[
M2p
2
f(φ)R− 1
2
gµν∂µφ∂νφ− V (φ)
]
. (4.18)
Using the conformal transformations with Ω2 = f(φ), the action (4.18) can be cast in the form
SE =
∫
d4x
√
−g˜
[
M2p
2
R˜− 3M
2
p
4
g˜µν∂µf∂νf
f2
− 1
2
g˜µν∂µφ∂νφ
f
− V (φ)
f2
]
. (4.19)
To get a canonical kinetic term we redefine field φ to φ˜ through
1
2
g˜µν∂µφ˜∂ν φ˜ =
3M2p
4
g˜µν∂µf∂νf
f2
+
1
2
g˜µν∂µφ∂νφ
f
, (4.20)
therefore, with the redefined kinetic term (4.20), we get the EF action (4.19) as
SE =
∫
d4x
√
−g˜
[
M2p
2
R˜− 1
2
g˜µν∂µφ˜∂ν φ˜− V˜ (φ˜)
]
, (4.21)
where
V˜ (φ˜) =
V (φ(φ˜))
f(φ(φ˜))2
.
Using the fact ∂µf(φ) =
∂f
∂φ∂µφ, the equation (4.20) can be solved to give
∂φ˜
∂φ
=
√
3M2p
2f2
(
∂f
∂φ
)2
+
1
f
. (4.22)
For a given form of f(φ) the above equation can be integrated to give the EF field φ˜ in terms
of Jordan frame (JF) field φ.
Multi-scalar field - In the context of multi-scalar field inflation with non-minimal coupling
the action is written as
S =
∫
d4x
√−g
[
1
2
M2pf(φ
K)R− 1
2
GIJg
µν∂µφ
I∂νφ
J − V (φK)
]
. (4.23)
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where I, J,K = 1, 2, 3, ...., N for a model with N scalar fields. Under conformal transformations,
the above action transforms to an Einstein frame action
S˜ =
∫
d4x
√
−g˜
[
1
2
M2p R˜−
1
2
G˜IJ(φ
K)g˜µν∂µφ
I∂νφ
J − V˜
]
, (4.24)
where
V˜ =
V
f2
is the EF potential and
G˜IJ =
1
f
GIJ +
3M2p
2
f,If,J
f2
. (4.25)
where f,I = ∂f/∂φ
I . These multifield models with action (4.24), where there is no coupling
between scalar fields and curvature scalar R and kinetic terms in the fields are non-canonical,
arise naturally in Higher dimensional theories such as supergravity and string theories. We will
study such a model in next Sections with two fields where there is no cross term in the kinetic
energy of the fields and illustrate how such a model can be derived from supergravity with an
appropriate choice of Ka¨hler potential and superpotential. Multifield dynamics in the context
of Higgs inflationary scenario have been studied [49] and it is shown that for N−fields model
which obey an SO(N) gauge symmetry in field space, the multifield effects damp out very
quickly at the onset of inflation.
4.2 Inflation from Supergravity Theory
Supergravity (SUGRA) is a local version of the N = 1 Supersymmetry (SUSY) in four dimen-
sion [50,51,134,53]. Supersymmetry is a symmetry which relates fermionic and bosonic degrees
of freedom. N represents the number of independent SUSY transformations and therefore inde-
pendent SUSY transformation parameters. Global SUSY extension of standard model (SM) of
particle physics can not only solve the hierarchy problem but also account for the large amount
of dark matter in our universe. SUSY in the context of cosmology is also a welcome tool. If
nature is found to be supersymmetric then gravitational sector should be supersymmetric too.
The local version of SUSY automatically engages the theory of gravity as spin−3/2 gauge
field ψαµ , termed as gravitino, of the SUGRA transformations has superpartner spin−2 tensor
field gµν , termed as graviton which can be identified with the metric tensor. Therefore, local
SUSY is a perfect landscape for establishing connections between high energy particle physics
and cosmology. The basic difference between a local and a global SUSY is that the symmetry
transformation parameter in local SUSY is explicitly spacetime dependent.
The presence of many scalar fields in the supersymmetry allows to realize inflation within
its framework. Since in models of inflation, the inflationary energy scale is very high and close
to the fundamental scale of gravity, the Planck scale, where all the fundamental forces are
expected to unify, the effects of an unknown theory of quantum gravity can not be neglected.
The N = 1 SUGRA in four dimensions may offer an effective description of quantum gravity.
Also it is worth noting that SUSY plays a crucial role in the structure of string theory and the
low-energy limit of the string theory compactifications include supergravity .
Realizing inflation in SUGRA is not so trivial because of the presence of an exponential factor
in the scalar potential of the supergravity. For canonical Ka¨hler potential δijφiφ
∗
j , any scalar
field or inflaton acquires mass of the order of Hubble parameter and it violates one of the slow-
roll condition. Therefore, it is not possible to have nearly flat potential for successful inflation
in these models. This problem in realizing inflation in SUGRA is known as η problem [54,55].
This difficulty can not be resolved without invoking some symmetry or fine tuning of the
scalar potential. To resolve this problem people tune the Ka¨hler potential and superpotential
in SUGRA models to obtain a suitable scalar potential which can provide slow-roll inflation. The
Ka¨hler potential must be fixed by the model builder and they are not fixed by the symmetries
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of the theory. There are no legitimate reasons to justify the choices of the Ka¨hler potentials
and superpotentials.
During the development of Starobinsky model of inflation in early 1980, the no-scale SUGRA
was also discovered and developed and applied to particle physics problems [133,57,58]. As
required for successful inflation, in SUGRA models of inflation the effective potential should
vary slowly enough for a sufficient period over a large range of inflaton field values during
inflation. This occurs naturally in no-scale supergravity models [58,134]. Also in these models
the energy scale of the effective potential can be naturally much smaller than Mp ∼ 1019GeV as
required by CMB observations. These models are called no-scale because the scale at which the
SUSY breaks is undetermined at the tree level and could be anywhere between the experimental
lower limit 1 TeV from the LHC [59] and 10 TeV from the measurement of tensor-to-scalar
ratio [131]. These no-scale SUGRA models have an attractive feature that they arise naturally
in generic four dimensional reductions of string theory [61] and therefore they were proposed
as a framework for constructing models of inflation [63]. There are several inflationary models
in the context of no-scale supergravity [134,64,58].
4.2.1 Supergravity Framework for Inflation
In this section, we briefly summarize the SUGRA results which are relevant to motivate certain
inflation models from SUGRA theory. In order to derive the Lagrangian for modified gravity
and multi field inflation models, the most relevant part of the SUGRA Lagrangian is its scalar
part which gives the kinetic and the potential terms for the inflaton. The chiral multiplet for
SUGRA algebra has the field content (φi, χi, F i), where φi are the complex scalar fields, χi are
the Weyl fermions and F i are complex scalar auxiliary fields.
The scalar part of the SUGRA Lagrangian is determined by three functions, Ka¨hler potential
K(Φi, Φ
∗
i ), superpotential W (Φi) and gauge kinetic function f(Φi). The superpotential W and
gauge kinetic function f are the holomorphic functions of complex scalar fields φi , while the
Ka¨hler potential is not holomorphic and a real function of φi and their conjugates φ
∗
i
5.
The interactions or the coupling of all the chiral superfields φi are determined by a real
function called Ka¨hler function
G(φi, φ
∗
i ) ≡ K(φi, φ∗i ) + lnW (φi) + lnW ∗(φ∗i ), (4.26)
The Ka¨hler functions has a property that they are invariant under the so called Ka¨hler trans-
formations
W (φi)→ e−U(φi)W (φi), (4.27)
K(φi, φ
∗
i )→ K(φi, φ∗i ) + U(φi) + U∗(φ∗i ), (4.28)
where U(φi) are arbitrary holomorphic function of the scalar fields φi. The invariance of
G(φi, φ
∗
i ) is manifest if U(φi) = lnW . The Ka¨hler transformation sends W → e−UW ≡ 1.
The canonical SUGRA Lagrangian for the complex scalar fields in curved spacetime is given
by
e−1L = −1
2
R+ Lkin − V (φi, φ∗i ). (4.29)
where e =
√−g is the determinant of the tetrad eaµ 6. The first term in eq (4.29) is the familiar
vacuum Einstein-Hilbert action and, second and third terms are the kinetic and potential terms,
5 A holomorphic function, say h(z), is a complex valued function of one or more complex fields that
is complex differentiable at each point z0 in its domain. They satisfy the Cauchy-Riemann equations
of complex analysis or equivalently ∂h
∂z∗ =
∂h∗
∂z
= 0 and ∂h
∂z
|z→z0 = h′(z0), ∂h
∗
∂z∗ |z∗→z∗0 = h′(z∗0).
6 The quantity eaµ are called tetrad or vierbeins, where a is the local Lorentz index and µ is the gauge
(curved) index. In order to deal with the spinors in curved spacetime it is necessary to formulate the
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respectively. The Kinetic terms Lkin of the scalar fields are determined in terms of the Ka¨hler
potential and given by7
Lkin = −Kij∗gµν∂µφi∂νφ∗j , (4.30)
where Kij∗ is the Ka¨hler metric given by
Kij∗ =
∂2K
∂φi∂φ∗j
. (4.31)
And the scalar potential V (φi, φ
∗
i ) can be split into two different contributions
V (φi, φ
∗
i ) = VF (φi, φ
∗
i ) + VD(φi, φ
∗
i ), (4.32)
referred to as the F-term and D-term potentials. The F-term potential is determined in terms
of superpotential W and Ka¨hler potential K as
VF = e
K
[
DφiWK
ij∗Dφ∗jW
∗ − 3|W |2
]
, (4.33)
where Kij
∗ ≡ K−1ij∗ is the inverse of the Ka¨hler metric Kij∗ and
DφiW =
∂W
∂φi
+
∂K
∂φi
W. (4.34)
The D-term potential is related to gauge symmetry and given in terms of Ka¨hler potential K
and gauge kinetic function f ,
VD =
1
2
∑
a
[Refa(φi)]
−1
g2aD
2
a, (4.35)
where the subscript a represents a gauge symmetry, ga is a gauge coupling constant and Ta is
an associated generator. ξa is a Fayet-Iliopoulos term which is non-zero only when the gauge
symmetry is Abelian, i.e. a U(1)-symmetry. It can be shown that the potentials (4.33),(4.35)
and the kinetic term (4.30) are invariant under the Ka¨hler transformations (4.28). The F-term
scalar potential (4.33) in terms of a physically relevant quantity, the Ka¨hler function G (4.26),
can also be written as
VF = e
G
[
∂G
∂φi
Kij∗
∂G
∂φ∗j
− 3
]
. (4.36)
We now briefly consider the η−problem, and the ways to solve it [54,65,55]. Consider the
canonical Ka¨hler potential
Kij∗ = δ
ijφiφ
∗
j , (4.37)
theory in terms of tetrads which are related to curved spacetime metric as
gµν(x) = e
a
µ(x)e
b
ν(x)ηab,
where ηab is the Minkowski spacetime metric and the tetrads e
a
µ are defined as the transformation from
a local Lorentz inertial frame ξa(x0;x) at the point x0 to a general non-inertial frame x
µ, i.e. ξa → xµ,
as
eaµ(x0) ≡ ∂ξ
a(x0;x)
∂xµ
|x=x0 .
7 In general in the kinetic term (4.30) the partial derivative ∂µ is actually a Lorentz covariant deriva-
tive Dµ ≡ ∂µ + 12ωabµ Σab, where ωabµ are a set of gauge fields known as spin connections and Σab are
the generators of the Lorentz SO(1, 3) group which signifies the spin of the associated gauge fields.
Since for scalars Σab = 0, therefore covariant derivative Dµ in the scalar Lagrangian equals a partial
derivative ∂µ.
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for which the kinetic term (4.30) of the scalar fields φi becomes canonical. The F-term potential
VF (4.33) can be written as
VF = e
δijφiφ
∗
j ×
{[
∂W
∂φi
+ φ∗iW
][
∂W ∗
∂φ∗j
+ φjW
∗
]
δij − 3|W |2
}
= Vg + Vg
∑
i
|φi|2 + other terms, (4.38)
where Vg is the global SUSY F-term potential given by
Vg =
∑
i
∣∣∣∣∂W∂φi
∣∣∣∣2 . (4.39)
Since at the background level from Friedmann equation we have V ' Vg ' 3H2, with little
algebraic simplification of equation (4.38), it can be shown that
η =
V ′′F
VF
= 1 + η0 + other terms, (4.40)
where η0 = V
′′
g /Vg and we find that one of the slow-roll approximation, i.e. η  1, is violated
which is required for successful inflation. η ∼ 1 implies that any scalar field including the one
which acts as the inflaton receives the effective mass V ′′F ' 3ηH2 ∼ H2 of the order of Hubble
parameter. This is the main problem that makes it difficult to incorporate inflation in SUGRA.
Though there are several ways to get around this problem, in the most widely used method,
one uses the Ka¨hler potential other than the canonical one (4.37). If one choose a Ka¨hler poten-
tial which is not canonical, the kinetic term (4.30) of scalar field also becomes non-canonical,
which however can be made canonical by redefining the scalar field. The canonical normalization
of kinetic terms changes the scalar potential to an effective form which could be nearly flat even
if it was originally very steep. On the other hand it is also possible to impose some symmetry on
Ka¨hler and/or superpotential which can ensure the slow-roll potential necessary for successful
inflation [65,66,67]. The η problem is specific to F-term potential. Successful inflation can also
be achieved using the D-term potential, if it can produce positive energy [65].
In the F-term inflation models, the difficulty is not limited to η problem. In the case of
canonical Ka¨hler potential the exponential factor is eK = eδ
ijΦiΦ
∗
j , therefore in the large field
limit φi > 1 (in Mp = 1 unit) the potential becomes too steep to give a nearly flat poten-
tial suitable for inflation. Thus, it is very difficult to incorporate chaotic inflation models in
supergravity, which require inflaton field values larger than unity during inflation. There have
been proposed several models of chaotic inflation in SUGRA where the inflaton field can have
values larger than unity while producing the nearly flat inflaton potential. In these models
either Ka¨hler potentials are fine-tuned without any symmetry reasons [68,69] or there are mod-
els in which the Ka¨hler potential K(φ, φ∗) follow Nambu-Goldstone type of shift symmetry
φ→ φ+ ic, where c is some real parameter [70,71].
4.2.2 No-scale SUGRA Models
During the early Universe evolution, the supergravity theory should play a relevant role, since it
allows to infer an effective inflationary potential that varies slowly over a large range of inflaton
field values during 60 e−fold expansion of the Universe. This occurs in no-scale supergravity
models. They are termed as no-scale because the scale at which supersymmetry is broken is
undetermined in the first approximation. Moreover, the energy scale of the effective potential is
much smaller than the Planck scale ∼ 1019 GeV, as required by the CMB data. No-scale models
arise in generic four-dimensional reductions of string theory [61]. The peculiar features of the
no-scale SUGRA models, in the context of inflation, is that they do not depend sensitively on
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the supersymmetry-breaking scale, i.e. it could be anywhere between the experimental lower
limit ∼ 1 TeV, provided by LHC collider [62], and ∼ 1010 TeV, provided by tensor-to-scalar
ratio. The main idea of no-scale models is that they are constructed in such a way that the
F-term potential VF vanishes for all values of the scalar fields. Therefore, from (4.33), the
condition for a model to be no-scale can be given in terms of the Ka¨hler function as [53]
∂G
∂φi
Kij∗
∂G
∂φ∗j
= 3. (4.41)
For constant superpotential models, ∂φiW = 0, the no-scale condition (4.41) can be given in
terms of Ka¨hler potential as
∂K
∂φi
Kij∗
∂K
∂φ∗j
= 3. (4.42)
Examples of no-scale Ka¨hler potentials with single complex scalar field φ and double complex
scalar fields φi = (φ1, φ2) = (T, φ) which satisfy the no-scale condition (4.42) are
K = −3 ln(T + T ∗), (4.43)
and
K = −3 ln
[
T + T ∗ − φφ
∗
3
]
, (4.44)
respectively. It is shown that in the case of no-scale two-field Ka¨hler potential (4.44), if we give
vev to T field such that 2〈ReT 〉 = C and 〈ImT 〉 = 0, with the following Wess-Zumino choice
of superpotential
W =
µˆ
2
Φ2 − λ
3
Φ3, (4.45)
where the scalar component of the chiral superfield Φ is φ, the Starobinsky inflationary potential
for field χ (where field χ arises from redefinition of φ due to canonical normalization of the
kinetic term for φ) can be obtained
VF =
µ2
4
(
1− e−
√
2
3χ
)2
, (4.46)
with the choice λ = µ/3, where µ = µˆ/
√
C/3, the vev of the T field is absorbed in the mass
scale µ [131]. Since here in deriving Starobinsky model from two-field Ka¨hler potential, the
superpotential (4.45) is not constant, such a model defines an almost no-scale model. Such
features will be discussed in details in next Section.
Let us briefly discuss the importance of no-scale supergravity The smallness of some physical
quantities e.g. cosmological constant Λ can either be explained by some symmetry argument
or by fine tuning. One naturally prefers symmetry reasons for the smallness of the physical
quantities. From the form of the F-term scalar potential (4.33), it is clear that for the potential
to be vanishing either one can choose some parameter inside G, through Ka¨hler potential
and/or superpotential, to be fine-tuned or alternatively impose the no-scale condition (4.41).
If one imposes the no-scale condition on the model then the fine tuning is no-longer required
for obtaining the vanishing vacuum energy. Also the potential becomes flat as required for
successful inflation, thereby solving the η problem naturally [134]. To explain vanishingly small
vacuum energy and nearly flat inflaton potential we require VF > 0, which from equation (4.36)
implies the condition
eG
∂G
∂φi
6= 0, (4.47)
thus breaking the supergravity and generating the mass of gravitino m3/2 = e
G/2 6= 0 which
represents the scale of supergravity breaking. Although the mass of gravitino m3/2 is non-
vanishing but undetermined at the tree level despite the fact that supergravity is broken and
the classical potential VF is vanishing for all values of the scalar fields and therefore it is said
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to have flat directions [66]. In no-scale SUGRA all the mass scales below the Planck scale are
determined with quantum corrections [133,57,58,134,72,73,74].
The importance of no-scale models lie in the fact, that fine tuning is not needed to achieve
positive vanishing cosmological constant and the gravitino mass m3/2 can be determined dy-
namically. Also there are flat directions with gentle slope without fine tuning which are essential
for successful inflation.
5 Analysis of different ETG models
In this Section we shall analyze in details some specific models of extended theories of gravity.
We compute the key inflationary observables e.g. tensor-to-scalar ratio, amplitude of curvature
purturbation, spectral index and its running; and for all models we show that they can be
obtained from SUGRA.
5.1 The f(R) = R+R2/M2 model
We discuss in this Section an inflationary model that is a no-scale supergravity realization of
the R+R2 Starobinsky model. This is a seminal result obtained in Ref. [131].
In the minimal no-scale SU(2, 1)/SU(2)× U(1) model, there are two complex scalar fields:
T , the modulus field, and φ, the inflaton field. The Kahler function is given by K = −3 ln(T +
T ∗ − |φ|2/3). The kinetic term for the scalar fields, T and φ, is (see the previous Section for
details)
LKE = X†µMXµ , (5.1)
where
Xµ =
(
∂µφ
∂µT
)
, X†µ = (∂µφ
∗ ∂µT ∗) , (5.2)
M ≡ Y
(
T + T ∗ −φ
−φ∗ 3
)
, (5.3)
Y ≡ 1
(T + T ∗ − |φ|2/3)2 .
The effective potential assumes the form
V = Y Vˆ , Vˆ =
∣∣∣∣∂W∂φ
∣∣∣∣2 . (5.4)
Assuming that the T field has a vacuum expectation value (vev) given by [75,76]
2〈ReT 〉 = c , 〈ImT 〉 = 0 ,
Neglecting the kinetic mixing term between the T and φ fields in (5.1), one gets the effective
Lagrangian for φ
Leff = 1
(c− |φ|2/3)2
[
c|∂µφ|2 − Vˆ
]
. (5.5)
Following [77], one assumes the minimal Wess-Zumino superpotential (4.45) for the inflaton
field. The potential for the inflaton is better studied by redefining the field φ in terms of the
new field χ, i.e.
φ = c
√
3 tanh
χ√
3
, (5.6)
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Fig. 1. V/µ2 vs x.
so that the effective Lagrangian density (5.5) and the potential (5.4) assume the form
Leff = sech2χ− χ
∗
√
3
|∂µχ|2 − 3
c
∣∣∣∣∣sinh χ√3
(
µˆ cosh
χ√
3
− λc
√
3 sinh
χ√
3
)∣∣∣∣∣
2
 , (5.7)
V = µ2
∣∣∣∣∣sinh χ√3
(
cosh
χ√
3
− 3λ
µ
sinh
χ√
3
)∣∣∣∣∣
2
, (5.8)
where we have defined µ ≡√3/c µˆ. Next one writes χ in terms of the real and imaginary parts
χ =
1√
2
(x+ iy) .
The Lagrangian density (5.7) reads
Leff = 1
2
sec2
√
2
3
y
[
(∂µx)
2 + (∂µy)
2 − µ
2
2
e−
√
2/3x
(
cosh
√
2
3
x− cos
√
2
3
y
)]
, (5.9)
where we used the specific value λ = µ/3. Setting to zero the imaginary part, y = 0, one gets
V = µ2e−
√
2/3x sinh2
x√
6
. (5.10)
In Fig. 1 is plotted the effective potential V/µ2 as a function of the real field x.
One can now compute the spectral index ns and for tensor-to-scalar ratio r in terms of the
slow-roll inflation parameters  and η. They are given by [131]
 =
1
3
csch2
x√
6
e−
√
2/3x , (5.11)
η =
1
3
csch2
x√
6
(
2e−
√
2/3x − 1
)
, (5.12)
and the parameters {ns, r} assume the values (in Planck units)
ns = 0.965 , r = 0.0035 , x = 5.35 , for N = 55 .
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Let us now see how this inflationary model can be related to the Starobinsky model. We have
already discussed the Starobinsky model as an example of extended theories of gravity (see
Section 4). Here is interesting to show how the free parameter M of the original Starobinsky
model (i.e. R + R2/M2) can be related to the fundamental parameters coming from SUGRA.
To this end, consider the conformal transformation
gµν → g˜µν =
(
1 +
ϕ
3M2
)
gµν
and the redefinition of the field ϕ
ϕ → ϕ′ =
√
3
2
ln
(
1 +
ϕ
3M2
)
.
The Starobinsky action
S =
1
2
∫
d4x
√−g
(
R+
1
6M2
R2
)
(5.13)
assumes the form
S =
1
2
∫
d4x
√
−g˜
[
R˜+ (∂µϕ
′)2 − V (ϕ′)
]
, (5.14)
where the potential V (ϕ′) is given by
V (ϕ′) =
3
4
M2
(
1− e−
√
2/3ϕ′
)2
. (5.15)
The form of this potential is identical to the potential (5.10) obtained along the real direction
of the no-scale Wess-Zumino model. Moreover, one can identify M2 with µ according to the
relation
M2 =
µ2
3
= µˆ2 ,
where the last equality follows for c = 〈(T + T ∗)〉 = 1. Thus, the Starobinsky parameter M
turns out to be directly related to the no-scale Wess-Zumino parameter µˆ in the superpotential
(4.45).
The Starobinsky model predicts that the tensor-to-scalar ratio is r ' 10−3, which is in
agreement with present experiment (BICEP2 reported a large value of the tensor-to-scalar
ratio, r = 0.2+0.07−0.05 [100], whereas the recent joint analysis by Planck + BICEP2 + Keck Array
give the upper bound r0.05 < 0.12(95%CL) [4,2,3]).
5.2 The model ξφaRb
We start with a general Higgs inflationary scenario ξφaRb in the framework of f(φ,R) gravity
theory, which is a generalization of the Higgs inflation model ξφ2R [78]. In the light of discoveries
by CMS [79] and ATLAS [80] it is of interest to consider the Standard Model Higgs boson as
the candidate for inflaton. However in the standard single-field slow-roll inflation with inflaton
quartic potential, the idea of considering standard model Higgs as inflaton does not work
as the inflaton quartic coupling should be of the order λ ∼ 10−12 to explain the amplitude
of CMB perturbations measured by WMAP/Planck [18,3] while the 125 GeV Higgs has a
quartic coupling λ ∼ 0.13 at the electroweak scale which can however go down to smaller
values at the Planck scale due to renormalization [81]. However just from the standard model
renormalization one cannot have the Higgs coupling λ ∼ 10−12 over the entire range of the
rolling field ∼ (10 − 1)MP during inflation and the standard slow-roll inflation with a Higgs
field does not give the observed amplitude and spectrum of density perturbations [82]. A way
out of fine tuning the scalar self coupling to unnaturally small values was found out and it was
shown that if one couples the scalar field to the Ricci scalar ξφ2R then the effective potential in
the Einstein frame becomes a slow roll one with the effective scalar coupling being λ/ξ2 and the
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amplitude of the density perturbations constrain this ratio [83]. Therefore for large ξ small self-
coupling λ can be obtained as required. The equivalence of the density perturbation in Jordan
and Einstein frame and density perturbations from inflation in the curvature coupled theories
ξφ2R are studied in [84,85,86]. Bezrukov and Shaposhnikov [87] revived the large curvature
coupling model to motivate the idea that the standard model Higgs field could serve as the
inflaton in the early universe [87,88]. However the large value of non minimal coupling which
fix the amplitude poses problem of unitarity violation at Planck scale [89]. Various ways to
solve the unitarity violation have been explored in [88,90].
Here we assume that the dominant interaction between Higgs field and gravity is through
operators of the form
L = ξ(H
†H)a/2Rb
Ma+2b−4p
. (5.16)
This form (5.16) of Higgs Curvature interaction has been mentioned in [91]. The complete
dynamics of the Higgs field involves the role of the Goldstone modes as has been studied in
detail in [92,31,49]. The multifield dynamics of the Goldstone modes gives rise to sizable non-
gaussianity. We will study the dynamics of the Higgs mode and impose a charge conservation
and CP symmetry such that the Goldstone modes of the Higgs field do not acquire vevs. We
will take the background Higgs field to be
H =
(
0
φ
)
(5.17)
where φ is the Higgs mode with mass 126 GeV. This inflation model falls in the class of inflation
in f(φ,R) theories studied in Ref. [42]. The motivation is that we use the Higgs quartic coupling
λ(H†H)2 where the standard model value of λ(µ ∼MP ) can lie in the range λ = (10−5 − 0.1)
depending on the value of top quark mass [81] or on new physics [93]. We take curvature coupling
ξ to be unity and check the possibility of generating the observed density perturbations from
Higgs inflation by varying parameters a, b and λ. The non minimal coupling ξ has been taken
unity in order to improve the unitarity behavior which increases the natural cutoff scale Λ from
Λ ' Mpξ ' 1015 to Λ 'Mp ' 1019.
In non-minimal ξφ2R theory we can always make a conformal transformation to the Ein-
stein frame so one can compute the density perturbations either in Einstein frame or Jordan
frame and the gauge invariant curvature perturbations should be same in both the frames [84].
With the ξφaRb model we find that no conformal transformation exists which can in general
remove this term to go to an Einstein frame. We find that in ξφaRb theory such a confor-
mal transformation is only possible if the metric is quasi-de Sitter. The accurate comparison
with the experimental data should be made however with the Jordan frame results. The cur-
vature perturbation in both Einstein and Jordan frame for the ξφ2R theory has been derived
in [84,94,95].
5.2.1 Model in the Jordan Frame
Consider the action for a scalar field interacting with gravity of the form
SJ =
∫
d4x
√−g
[
−f(φ,R)
2κ2
+
1
2
gµν∂µφ∂νφ+ V (φ)
]
, (5.18)
where
1
κ2
f(φ,R) =
1
κ2
R+
ξφaRb
Ma+2b−4p
(5.19)
V (φ) =
λφ4
4
, (5.20)
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and ξ is a dimensionless coupling constant. Setting
F ≡ ∂f
∂R
= 1 +
ξbφaRb−1
Ma+2b−2p
the field equations read
FRµν − 1
2
fgµν − OµOνF + gµνF = κ2
(
OµφOνφ− 1
2
gµνOρφOρφ− V gµν
)
, (5.21)
φ = V,φ − f,φ
2κ2
, (5.22)
For the unperturbed background FRW metric (1.4) the above Eqs. (5.21) and (5.22) give
3FH2 +
1
2
(f −RF ) + 3HF˙ = κ2
(
1
2
φ˙2 + V (φ)
)
, (5.23)
−2FH˙ − F¨ +HF˙ = κ2φ˙2 , (5.24)
φ¨+ 3Hφ˙+ V,φ − f,φ
2κ2
= 0 . (5.25)
We assume that the second term of F i.e. ξbφ
aRb−1
Ma+2b−2p
is dominant for some values of a and b. We
find this assumption to be valid while solving numerically for the values of a and b in our model
which give rise to the experimentally observed density perturbations. From Eq. (5.23), under
this assumption and considering the slow-roll parameters as small (see below their definition,
Eq. (5.34)), the Hubble parameter in the Jordan frame reads
H =
λ
1
2b
√
12
[
ξ(2− b)] 12b
(
φ
Mp
) 4−a
2b
Mp . (5.26)
From equation (5.25) under the slow-roll assumption we get
φ˙ = −λφ
3
3H
[
1− a
2(2− b)
]
. (5.27)
Now we perturb Eqs. (5.21) and (5.22) by perturbing the scalar field φ = φ(t)+δφ(x, t) and the
metric (3.42) [42]. One can derive the Einstein field equations for the f(R,φ) theory keeping
the linear terms in the metric and scalar field perturbations [96,97] and the equation of motion
of scalar perturbation. The relevant quantity is the curvature perturbation
R = Ψ −Hδφ/φ˙ ,
where we work in the gauge δφ = 0 and δR = 0. This sets R = Ψ (notice that δF = 0 since
δF = (∂F/∂φ) δφ+ (∂F/∂R) δR). Owing to this gauge the equation for Φ reads
Φ =
R˙
H + F˙ /(2F )
(5.28)
while the equation for Φ, Ψ , E and B, is given in terms of the combination
A ≡ 3(HΦ− Ψ˙)− ∆B˜
a2
= − 1
H + F˙ /(2F )
 4
a2(t)
R+
(
3HF˙ − κ2φ˙2
)
R˙
2F
(
H + F˙ /(2F )
)
 . (5.29)
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where
B˜ ≡ a(t)(E + a(t)B˙) .
The differential equation for curvature perturbation is
R¨+ (a
3(t)Qs)˙
a3(t)Qs
R˙+ k
2
a2(t)
R = 0, (5.30)
where
Qs ≡ φ˙
2 + 3F˙ 2/(2κ2F )(
H + F˙ /(2F )
)2 .
Introducing the variables
ω = a(t)
√
Qs, σk = ωR ,
one may re-write the equation (5.30) as
σ′′k +
(
k2 − ω
′′
ω
)
σk = 0, (5.31)
where prime denotes the derivative with respect to the conformal time defined as dη = dt/a(t)
and
ω′′
ω
=
a′′(t)
a(t)
+
a′(t)
a(t)
Q′s
Qs
+
1
2
Q′′s
Qs
− 1
4
(
Q′s
Qs
)2
(5.32)
=
1
η2
[
ν2R −
1
4
]
,
where the last term follows from under quasi de-Sitter expansion a(η) = −1Hη(1−1) , so that
a′′(t)
a(t)
=
1
η2
[
2 + 31
]
,
a′(t)
a(t)
= a(t)H ,
and
ν2R =
9
4
[
1 +
4
3
(21 + 2 − 3 + 4)
]
. (5.33)
1 = − H˙
H2
, 2 =
φ¨
Hφ˙
, 3 =
F˙
2HF
, 4 =
E˙
2HE
; (5.34)
E = F +
3F˙ 2
2κ2φ˙2
=
Qs(1 + 3)
2
φ˙2/(FH2)
. (5.35)
Here i are slow-roll parameters and ˙i terms have been neglected. Equation (5.31) then has
solutions in the Hankel functions of order νR
σ =
√
pi|η|
2
ei(1+2νR)pi/4
[
c1H
(1)
νR (k|η|) + c2H(2)νR (k|η|)
]
(5.36)
Applying the Bunch-Davies boundary condition
σ(kη → −∞) = eikη/
√
2k ,
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we fix the integration constants c1 = 1 and c2 = 0. Using the relation
Hν(k|η|) = −i
pi
Γ (ν)
(
k|η|
2
)−ν
,
for the super-horizon modes kη → 0, we obtain the expression for the power spectrum of
curvature perturbations which is defined as (3.103)
PR = k
3
2pi2
〈|R|2〉 (5.37)
≡ ∆2R
(
k
a(t)H
)nR−1
,
where the amplitude of the curvature power spectrum turns out to be
∆2R =
1
Qs
(
H2
4pi2
)
(5.38)
and the spectral index is
nR − 1 = 3− 2νR (5.39)
' −41 − 22 + 23 − 24
' −61 .
In this f(φ,R) model one gets
1 ≈ −3 , 2 ≈ −4 ,
where
1 = b
−1(a− 4)(2− b)(1−b)/b(a+ 2b− 4)λ(b−1)/bξ1/b
(
φ
Mp
) a+2b−4
b
(5.40)
2 = b
−1(a+ 6b− 4) (2− b)(1−b)/b (a+ 2b− 4)λ(b−1)/bξ1/b
(
φ
Mp
) a+2b−4
b
. (5.41)
The expressions for the amplitude of power spectrum and the number of e-folding are
∆2R =
b[(2− b)/λ]3− 4bM8+
4(a−4)
b
p ξ−
4
b φ−
4(a+2b−4)
b
288(a− 4)2(a+ 2b− 4)2pi2 (5.42)
and
NJ =
∫ φf
φJ
H
φ˙
dφ =
b[(2− b)/λ] b−1b ξ− 1b
2(a+ 2b− 4)2
(
φ
Mp
) 4−a−2b
b
∣∣∣∣∣
φJ
φf
(5.43)
respectively. Here φJ and φf are the values of scalar field φ at the beginning and the end of
inflation respectively.
Let us compute the tensor perturbation of the field equations (5.21). Setting Dij = hij/a
2
and using the polarization tensors e1ij and e
2
ij , such that the tensor Dij can be written as
8
Dij = D1e
1
ij +D2e
2
ij ,
8 For gravity wave propagating in zˆ direction, the components of polarization tensor are given by
e1xx = −e1yy = 1, e2xy = e2yx = 1, e1,2iz = e1,2zi = 0. (5.44)
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the equation for the tensor perturbation reads
D¨λ +Ξ D˙λ +
κ2
a2
Dλ = 0, (5.45)
where λ ≡ 1, 2 corresponds to two polarizations of gravity wave, and
Ξ =
1
a3F
d
dt
a3F .
Substituting
z = a
√
F , vk =
1√
2
zDλMP ,
we get
v′′λ +
(
k2 − z
′′
z
)
vλ = 0, (5.46)
where ′ stands for the derivative with respect to conformal time. To obtain the amplitude of
power spectrum of Dλ, one has to sum over all polarization states. Equation (5.46) yields
∆2T = 4×
(
2
M2p
)
k3
2pi2
1
a2F
v2λ (5.47)
' 2
pi2
(
H
MP
)2
1
F
.
The ratio of the amplitude of tensor perturbations to scalar perturbations r is given by
r ≡ ∆
2
T
∆2R
=
8Qs
M2pF
' 4823 . (5.48)
5.2.2 Model in the Einstein Frame
Our aim is to compute the action (5.18), with V = λφ4/4, in the JF
SJ =
∫
d4x
√−g
[
−Mp
2
2
R
(
1 +
ξφaRb−1
Ma+2b−2p
)
+
1
2
∂µφ∂
µφ+
λφ4
4
]
(5.49)
We use the a conformal transformation of the metric and Ricci scalar, see Eqs. (4.1), with the
conformal factor given by
Ω2 = 1 +
ξφaRb−1
Mp
a+2b−2 . (5.50)
For quasi de-Sitter space we may ignore the second and third terms in the bracket in Eq. (4.1)
(we have {Ω˙/Ω, Ω¨/Ω}  1, as will be showed in (5.64)). We therefore write (5.50) in EF as
Ω2 = 1 +
ξ1+qφpR˜q
Mp+2qp
, (5.51)
where
p =
a
2− b , q =
b− 1
2− b , R˜ = 12H˜
2 ' Constant . (5.52)
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Via conformal transformation we write the action (5.49) in term of new field χ
SE =
∫
d4x
(
−M
2
p
2
R˜+
1
2
∂µχ∂µχ+ U(χ)
)
, (5.53)
where
dχ
dφ
=
1
Ω2
(
Ω2 +
3p2ξ′2
2
(
φ
Mp
)2p−2)1/2
, ξ′ ≡ ξ1+q
(
12H˜2
M2p
)q
U(χ) =
1
Ω4
λ
4
φ(χ)4. (5.54)
For φMP /ξ′1/p, Eq. (5.54) can be integrated to give
φ(χ) =
Mp
ξ′ 1/p
exp
(√
2
3
χ
Mpp
− 1
2
)
. (5.55)
Considering
g˜µν = diag(−M2(t), a˜2(t), a˜2(t), a˜2(t))
and varying the action (5.53) with respect to M(t) or a(t) and setting M = 1 in the final
equation which corresponds FRW metric, we get the Friedmann equation
12H˜2 − ζ−1M2pλ
(
1 +
2q
p
)
= 0 , (5.56)
where
ζ = 124q/p
(
H˜2
M2p
)4q/p
ξ
4(1+q)
p exp
(
2
√
2
3
(p− 2)χ
pMp
)
. (5.57)
All the derivative terms of Hubble parameter H˜ have been neglected (this is corresponds to slow
roll condition, i.e., χ˙2 is much smaller than potential term). From (5.56) the Hubble parameter
assumes the form
H˜ = Mp
[(1 + 2q/p)λ]
p
2(p+4q)
√
12 ξ
2(1+q)
p+4q
exp
[√
2
3
(
2− p
p+ 4q
)
χ
Mp
]
. (5.58)
Using Eqs. (5.51) and (5.58) into (5.54) one infers the scalar potential
U(χ) =
1
4
M4pλ
p
p+4q ξ−
4(1+q)
p+4q
(
1 +
2q
p
)− 4qp+4q
exp
[
2
√
2
3
(
2− p
p+ 4q
)
χ
Mp
]
. (5.59)
In deriving (5.59) the large field approximation exp(
√
2
3
χ
Mp
)  1 for χ  Mp has been used.
Also the parameters a and b, which appear through p and q as defined above, in the potential
(5.59) are the parameters of the JF action (5.49) which appear in the EF potential via confor-
mal transformation of the metric (4.1). The spectral index and curvature perturbation can be
computed by using above potential (5.59). The slow-roll parameters for large χ  Mp comes
out to be
 =
M2p
2
(
U ′
U
)2
=
4
3
(
a+ 2b− 4
a+ 4b− 4
)2
, (5.60)
η = M2p
(
U ′′
U
)
=
8
3
(
a+ 2b− 4
a+ 4b− 4
)2
,
44 Will be inserted by the editor
Table 1. The values of parameters a and b in the Einstein frame at χ0 = 13Mp with ξ = 1 for different
values of λ. The parameters a and b of the Jordan frame action appears in the Einstein frame potential
via conformal transformation of the metric.
λ 0.1 10−2 10−3 10−4 10−5
a 3.385 3.026 2.735 2.494 2.292
b 0.277 0.439 0.571 0.679 0.770
a+2b 3.939 3.904 3.877 3.852 3.832
and the amplitude of curvature perturbations (3.116)
∆2R =
1
8pi2
H˜2
M2p
(5.61)
=
1
128pi2
(
y + 2
2y − x+ 4
) x+2y+4
x
λ
2y−x+4
x ξ−
4
x
(
x
y
)2
e
−2
√
2
3
y
x
χ
Mp ,
where
x = a+ 4b− 4, y = a+ 2b− 4 .
The spectral index in the term of slow-roll parameters is (3.117)
ns = 1− 6+ 2η. (5.62)
The number of e-folding is calculated as
NE =
∫ χ0
χe
U(χ)
U ′(χ)
dχ = −1
2
√
3
2
(
x
y
)(
χ0 − χe
Mp
)
(5.63)
For χ0 ∼ 13Mp and χe ∼ 1Mp, the number of e-folding is found to be around 60. From
equation (5.50) and (5.55), one can calculate the order of terms like Ω¨/Ω and (Ω˙/Ω)2 for
φ Mp
ξ1/p
. For λ = 10−3 and ξ = 1, one gets
Ω¨
Ω
∼ U
9M2p
(+
√
3(η − )) = 4.1× 10−11M2p , (5.64)(
Ω˙
Ω
)2
∼ U
9M2p
 = 3.3× 10−11M2p ,
whereas the value of curvature scalar R˜ = 12H˜2 at the same values of parameter is 4.1×10−8M2p .
Thus the approximation we have made is consistent. We now use the measured values of these
CMB anisotropy parameters to get the numerical values for the parameters (a, b, ξ, λ).
Results and Discussion
Planck+WP measurements [98] provides that the curvature perturbation is ∆2R = 2.195
+0.533
−0.585×
10−9, spectral index is nR = 0.9603 ± 0.0073 and the tensor to scalar ratio r < 0.11(95%CL)
(see (2.32)-(2.38)). Equation (5.63) implies that to get 60 e-foldings, the scalar field χ should
roll from 13Mp to 1Mp. In Table 1 are reported the values of parameters {λ, a, b} giving the
measured values of ∆2R and ns. Here ξ = 1 and λ ξ = 1 assumes different values.
The slow-roll parameters are  ∼ 0.02 and η ∼ 0.04. In particular, for  ' 0.02 the tensor-
to-scalar ratio in EF is predicted to be large r ' 0.3. We evaluate now the observables in
JF using (5.42) and (5.39) for ξ = 1. In Table 2 are displayed the values of the scalar field
φ in the JF corresponding to χe = 1Mp and χ0 = 13Mp for different values of λ. Using
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Table 2. The values of parameters a and b are evaluated in the Jordan frame at ξ = 1 and φJ |χ0=13Mp
for different values of λ.
λ 0.1 10−2 10−3 10−4 10−5
φf |(χe=1Mp) 0.0146Mp 0.0253Mp 0.044Mp 0.077Mp 0.134Mp
φJ |(χ0=13Mp) 3.566Mp 6.187Mp 10.77Mp 18.8Mp 32.77Mp
a 3.56398962 3.2751299 3.0257694 2.809561 2.620851
b 0.21800513 0.3624348 0.4871146 0.595217 0.689566
a+2b 3.999999 3.999999 3.999998 3.999995 3.99998
these values of the range of the roll in φ we see that the number of e-foldings NJ in the JF,
corresponding to NE = 60 is NJ ∼ 830. The values of {λ, a, b}, required to get the curvature
perturbation and spectral index, are shown in the Table 2. The slow-roll parameters are found
to be 1 ' −3 ' 0.007 and 2 ' −4 ' −0.013 for chosen range of λ. For these values, the
tensor-to-scalar ratio is small r ' 0.002 in JF. Two comments are in order: 1) The assumptions
F = 1+ ξbφ
aRb−1
Ma+2b−2p
 1 and κ2φ˙2FH2  623 are verified for the best fit values of the above parameters.
2) In the limit a ' 2 and b ' 1, the correct value of ∆2R and nR are obtained for λ ∼ 0.1 only
for large value of ξ ∼ 104, in agreement with the prediction of Higgs inflation models ξφ2R
[87,43].
To summarize, this model ξφaRb is a generalization of the Higgs inflation model ξφ2R with
λφ4 potential. We find that if the Higgs self coupling λ is in the range (10−5−0.1), parameter a
in the range (2.3−3.6) and b in the range (0.77−0.22) at the Planck scale, one can have a viable
inflation model even for ξ ' 1. λ ∼ 0.1 in this model solve the fine tuning problem of Higgs
self-coupling in the standard slow-roll inflation which predict λ ∼ 10−12. The tensor-to-scalar
ratio r in this model in EF is large r ' 0.3, therefore model with generalized scalar-curvature
couplings is ruled out by observational limits on r like the pure λ4φ
4 theory. However, with
independent calculations in JF gives small r ' 0.002 which is allowed from the observations.
Therefore, JF result contradicts the EF result. The observations should be compared with EF
results or JF results is still matter of debate. However in this model, by requiring the curvature
coupling parameter to be of order unity, we have evaded the problem of unitarity violation in
scalar-graviton scatterings which plague the ξφ2R Higgs inflation models. Therefore, the Higgs
field may still be a good candidate for being the inflaton in the early universe if one considers
higher dimensional curvature coupling. Also we find that, upto slow-roll approximation, for
the same set of parameter values (ξ, λ) the set of (a,b) values is nearly the same in Jordan
and Einstein frames. Therefore, the Einstein and Jordan frames are equivalent. In this model,
we found a symmetry a + 2b ≈ 4 which holds true in both the frame and it implies that the
curvature coupling ξ is nearly scale invariant.
5.3 The power law model R+Rβ
We now study a model R + 1M2R
β of inflation which is a generalization of Starobinsky model
R + 1M2R
2 and so we call it as power law Starobinsky model [99]. M and β are the two
dimensionless parameters. In general scalar-curvature theories the scalar plays the role of the
inflaton after transforming to Einstein frame whereas in pure curvature theories like R+ 1M2R
β
model the longitudinal part of the graviton is the equivalent scalar in the Einstein frame plays
the role of inflaton. Along with the independent observable predictions of this model, we will
show that generalized Higgs inflation model ξφaRb is equivalent to power law Starobinsky
model.
The Starobinsky model of inflation [41] with an 1M2R
2 interaction term is of interest as it
requires no extra scalar fields but relies on the scalar degree of the metric tensor to generate the
’inflaton’ potential. The R2 correction to Einstein gravity is, as we have before seen, equivalent
to scalar-tensor theory with a scalar potential which is an exponentially corrected plateau
potential [87]. This model is favored by the Planck constraint on the tensor to scalar ratio
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Fig. 2. The nature of the potential (5.67) for different β values (with M = 1.7× 10−4). The potential
and the field values are in Mp = 1 units.
which ruled out potentials like m2φ2 and λφ4 in the context of standard slow-roll inflation.
The characteristic feature of the Starobinsky equivalent models was the prediction that the
tensor-to-scalar ratio was r ' 10−3. BICEP2 reported a large value of r = 0.2+0.07−0.05 [100] but
the recent joint analysis by Planck + BICEP2 + Keck Array give only an upper bound of
r0.05 < 0.07(95%CL) [4,6]. In an analysis of the genus structure of the B-mode polarisation of
Planck + BICEP2 data by Colley et al. put the tensor-to-scalar ratio at r = 0.11±0.04(68%CL)
[101]. In the light of the possibility that r can be larger than the Starobinsky model prediction
of r ∼ 0.003, generalisations of the Starobinsky model are of interest. The quantum correction
on φ4-potential in Jordan frame was studied in [102,103,104,105] where they have shown the
equivalence of the ξφ2R + λφ4(1+γ) model with 1M2R
β model. The generalized Starobinsky
model with Rp correction has been studied in the ref. [106].
The action is given by [42,116]
SJ =
∫
d4x
√−gf(R) , f(R) = −M
2
p
2
(
R+
1
6M2
Rβ
M2β−2p
)
(5.65)
Consider the conformal transformation
Ω = F =
∂f(R)
∂R
and the new scalar field χ defined by
Ω ≡ exp
(
2χ√
6Mp
)
.
The action (5.65) gets transformed in the EF (see Section 4) as
SE =
∫
d4x
√
−g˜
[
−M2p
2
R˜+
1
2
g˜µν∂µχ∂νχ+ U(χ)
]
, (5.66)
where U(χ) is can be written in the EF as
U(χ) =
(RF (R)− f(R))M2p
2F (R)2
=
(β − 1)
2
(
6M2
ββ
) 1
β−1
exp
[
2χ√
6
(
2− β
β − 1
)][
1− exp
(−2χ√
6
)] β
β−1
(5.67)
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with f(R) given in (5.65) (Mp = 1). Also we see that in the limit β → 2 potential (5.67) reduces
to exponentially corrected flat plateau potential of the Starobinsky model. Assuming large field
limit χ
√
6
2 and 1 < β < 2, the potential (5.67) reduces to
U(χ) ' (β − 1)
2
(
6M2
ββ
) 1
β−1
exp
[
2χ√
6
(
2− β
β − 1
)]
(5.68)
We shall use Eq. (5.68) to compare with SUGRA version of the power law potential in the large
field limit.
In Fig.2 it is plotted the potential for small deviations from the Starobinsky model value
β = 2. We see that the potential is very flattest for β = 2 but becomes very steep even with small
deviation from Starobinsky model value β = 2. The scalar curvature perturbation ∆2R ∝ U(χ)
is fixed from observations which implies that the magnitude of the potential U(χ) would have
to be larger as  increases for steep potential to maintain the level of observed amplitude ∆2R.
The tensor perturbation which depends on the magnitude of U(χ) therefore increases rapidly
as β varies from 2. The variation of r with β is shown in the Fig. 4.
From Eq. (5.67), in the large field approximation, the slow-roll parameters in Einstein frame
can be obtained as
 =
1
2
(
U ′
U
)2
' 1
3
[
β(3− 2β)
(β − 1)2 exp
(−2χ√
6
)
+
β − 2
β − 1
]2
, (5.69)
η =
U ′′
U
' −2
3
[
β(3− 2β)2
(β − 1)3 exp
(−2χ√
6
)
− (β − 2)
2
(β − 1)2
]
, (5.70)
ξ =
U ′U ′′′
U2
' 4
√

3
√
3
[
β(3− 2β)3
(β − 1)4 exp
(−2χ√
6
)
+
(β − 2)3
(β − 1)3
]
. (5.71)
The field value χe at the end of inflation can be fixed from Eq. (5.69) by using the end of
inflation condition  ' 1. And the initial scalar field value χs corresponding to N = 60 e-folds
before the end of inflation, when observable CMB modes leave the horizon, can be fixed by
using the e-folding expression
N =
∫ χs
χe
U(χ)
U ′(χ)
dχ .
Under slow-roll approximation, one can use the standard Einstein frame relations for the am-
plitude of the curvature perturbation ∆2R, the spectral index ns and its running αs, and the
tensor-to-scalar ratio r to fix the parameters of the model.
From CMB observations, for 7-parameter ΛCDM+r model, when there is no scale de-
pendence of the scalar and tensor spectral indices the bound on r is r0.002 < 0.07 (95%CL,
PlanckTT+lowP) and the amplitude, the spectral index and the running of spectral index are
1010 ln(∆2R) = 3.089 ± 0.036, ns = 0.9666 ± 0.0062 and αs = −0.0084 ± 0.0082, respectively
at (68%CL, PlanckTT+lowP) [2,4,6]. Since the scalar potential U(χ) depends on both the
parameters M and β whereas the slow-roll parameters depend only on β, therefore parameter
M affects only the scalar amplitude ∆2R ∝ U(χ) whereas r, ns and αs which depend only on
slow-roll parameters remain unaffected by M . Therefore taking amplitude from the observation
and fixing the number of e-foldings N fixes the value of M and β. We find that the values of
M ' 1.7× 10−4 and β ' 1.83 which satisfy the amplitude, the spectral index and its running
for N ≈ 60 gives large r ≈ 0.22. Also we see that for β ' 1.88, tensor-to-scalar ratio can be
reduced to r ' 0.1 but it increases ns ' 0.987, see Fig.6.
5.3.1 Power Law Starobinsky Model from No-scale SUGRA
In this section we show that the power law Starobinsly model (higher order curvature theory)
can be motivated from SUGRA as they arise naturally in this framework. The SUGRA embed-
ding of the Higgs-inflation [87] does not produce a slow-roll potential in MSSM but a potential
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Fig. 3. The regions of (ns, r) allowed by Planck-2015 and joint BKP analysis at 68%CL and 95%CL
are shown [6]. The colored contour lines are the predictions for our model for two sets of β and N values
corresponding to M ≈ 10−4 which satisfies the observed amplitude of the CMB power spectrum.
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Fig. 4. The variation of r with β shown for two cases studied in our model: (i) for N = 20 when
running of ns is considered and (ii) for N = 60 when there is no running of ns.
suitable for inflation is obtained in N(ext)MSSM [107]. The potential in NMSSM however has
a tachyonic instability in the direction orthogonal to the slow-roll [108]. This instability can be
cured by the addition of quartic terms of the fields in the Ka¨hler potential [109,110] (see also
[111]). In the context of a SUGRA embedding of the Starobinsky model, it was shown that
quadratic Ricci curvature terms can be derived in SUGRA by adding two chiral superfields
in the minimal SUGRA [112]. A no-scale SUGRA model [58,134] with a modulus field and
the inflation field with a minimal Wess-Zumino superpotential gives the same F-term potential
in the Einstein frame as the Starobinsky model [131]. The symmetry principle which can be
invoked for the SUGRA generalization of the Starobinsky model is the spontaneous violation of
superconformal symmetry. The quadratic curvature can also arise from D-term in a minimal-
SUGRA theory with the addition of a vector and chiral supermultiplets [113]. The Starobinsky
model has been derived from the D-term potential of a SUGRA model [114]. Quartic powers
of Ricci curvature in the bosonic Lagrangian can also be obtained in a SUGRA model by the
D-term of higher order powers of the field strength superfield [115].
More specifically, to get a no-scale SUGRA model corresponding to power law Starobinsky
model which can give a larger r, we choose the minimal Wess-Zumino form of the superpotential
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(4.45) and a minimal no-scale Ka¨hler potential with an added (φ+ φ∗)n term as
K = −3 ln
[
T + T ∗ − (φ+ φ
∗)n
12
]
(5.72)
which can be motivated by a shift symmetry
T → T + iC , φ→ φ+ iC ,
with C real, on the Ka¨hler potential. Here T is a modulus field and φ is a matter filed which
plays the role of inflaton. We assume that the T field gets a vev 〈T + T ∗〉 = 2〈ReT 〉 = c > 0
and 〈ImT 〉 = 0. We write φ in terms of its real and imaginary parts φ = φ1 + iφ2. If we fix the
imaginary part of the inflaton field φ to be zero then φ = φ∗ = φ1 and for simplicity we replace
φ1 by φ, the effective Lagrangian in the Einstein frame is given by
LE =
n(2φ)n−2[c(n− 1) + (2φ)n12 ]
4[c− (2φ)n12 ]2
|∂µφ|2 − 4(2φ)
2−n
n(n− 1)[c− (2φ)n12 ]2
∣∣∣∣∂W∂φ
∣∣∣∣2 . (5.73)
To make the kinetic term canonical in the LE , we redefine the field φ to χ with
∂χ
∂φ
= −
√
n(2φ)n−2[c(n− 1) + (2φ)n12 ]
2[c− (2φ)n12 ]
(5.74)
Assuming that n ∼ O(1) and the large field limit (2φ)n  12c during inflation, integrating Eq.
(5.74) gives
φ ' 1
2
exp
(
2χ√
3n
)[
1 +
6c(n+ 1)
n
exp
(−2nχ√
3n
)]
(5.75)
Substituting from (5.106) and (5.75) into the potential term of (5.73) and simplifying, one
derives the effective scalar potential in the EF
V =
144µ2
n(n− 1)
[
1− 2µ
λ
exp
(−2χ√
3n
)
− 9c(n
2 − n− 2)
n
exp
(−2nχ√
3n
)]2
× (5.76)
× exp
[
2χ√
6
(
3
√
2(2− n)√
n
)]
,
which, assuming 1 < n < 2, in the large field limit χ
√
3n
2 is equivalent to
V ' 144µ
2
n(n− 1) exp
[
2χ√
6
(
3
√
2(2− n)√
n
)]
. (5.77)
In the limit n→ 2 and with the specific choice λµ = 12 , the potential (5.76) reduces to Starobinsky
Model potential. We can now compare the power law potential (5.68) and SUGRA potential
(5.77) for inflaton to show the relation between the parameters of the two model. Comparing
the constant coefficient and exponent in the two potentials we get
β =
2
√
n+ 3
√
2(2− n)√
n+ 3
√
2(2− n) , (5.78)
M2 =
ββ
6
[
288µ2
n(n− 1)(β − 1)
]β−1
.
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Table 3. The SUGRA model parameter values (in Mp = 1 unit) for three values of β corresponding to
running and without running of spectral index ns as depicted in Fig.6 and for Starobinsky limit β = 2.
β M n µ = |λ|
2
αs =
dns
d ln k
1.83 1.7× 10−4 1.93 3.13× 10−6 −9.16× 10−6
1.88 1.7× 10−4 1.96 5.54× 10−6 −2.86× 10−3
2.00 1.1× 10−5 2.00 1.16× 10−6 −5.23× 10−4
Numerically we evaluate the SUGRA model parameter values (in Mp = 1 unit) for three values
of β corresponding to running and without running of spectral index ns as depicted in Fig.6
and for Starobinsky limit β = 2. These values are shown in the TABLE 3.
To summarize, this power law model with 1M2R
β correction to Einstein gravity is a gen-
eralisation of the Starobinsky model of inflation. The interesting feature of this form of gen-
eralization is that small deviations from the Starobinsky limit β = 2 can change the value
of tensor-to-scalar ratio from r ∼ O(10−3) to r ∼ O(0.1). We find that this model predicts
large tensor-to-scale r ≈ 0.22 as indicated by BICEP2 measurements, for the value of β ≈ 1.83
and M ∼ 10−4. Also we showed that the general Rβ model can be obtained from a SUGRA
construction with minimal Wess-Zumino form of superpotential and by adding a power law
(φ+ φ¯)n term to the minimal no-scale SUGRA Ka¨hler potential. We further showed that this
two parameter power law generalization of the Starobinsky model is equivalent to generalized
non-minimal curvature coupled models with quantum corrected λφ4 potentials i.e. models of
the form ξφaRb + λφ4(1+γ), and thus the power law Starobinsky model is the most economical
parametrization of such models. Since such a power law correction to Einstein gravity gener-
ates large amplitude of gravity waves, therefore they are ruled out by the current status of the
observations by Planck and BKP Collaboration.
5.4 The model with two scalar fields
In this section we discuss a two-field inflationary model where the inflaton field φ is assisted
by a dilaton field σ and has a non-canonical kinetic term due to the presence of a dilaton field.
Supergravity theories which are low energy limit of string theory contains several scalar fields
which can be of cosmological interest. The action of the model can be generically written as
S =
1
2
∫
d4x
√−g [R−∇µσ∇µσ − e−γσ∇µφ∇µφ− 2e−βσV (φ)] , (5.79)
where β and γ are arbitrary independent parameters. Brans-Dicke (BD) gravity in Einstein
frame (EF) is a special case where β = 2γ [126,127,128,129,130]. However BD gravity predicts r
larger than the observed limit, therefore generalization of BD theory is necessary for application
to inflation. In this paper we generalize the BD theory in EF to a two-parameter scalar-tensor
theory where we treat β and γ as two independent arbitrary parameters. Addition of one
extra parameter allows us to obtain viable inflation with otherwise ruled out quadratic and
quartic potentials as we can have tensor-to-scalar ratio r in the range of interest for forthcoming
experiments.
To note, it was shown by Ellis et al. [131] that the inflaton field accompanied by a moduli
field T , which appear in string theories and have a no-scale supergravity form, give a potential
for inflation equivalent to the R+R2 Starobinsky model, producing r ∼ 10−3. We show in this
paper that the above mentioned two parameter scalar-tensor theory can be obtained from no-
scale supergravity theories [132,133,134] which now can produce r much larger than 10−3 and
thus are observationally falsifiable by future experiments. Also in contrast to the supergravity
embedding of the Starobinsky model, studied in [135,136], where the imaginary part of the
superfield T (i.e. axion φ) decreases rapidly and its real part (i.e. dilaton σ) drives the inflation,
we will see that in our model dilaton-axion pair evolves sufficiently during inflation and the
axion acts as the inflaton.
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First we look at the background dynamics of our model. Starting from the action (5.79),
the equations of motion of the fields φ and σ and the Friedmann equations can be obtained as
σ¨ + 3Hσ˙ +
γ
2
e−γσφ˙2 − βe−βσV (φ) = 0, (5.80)
φ¨+ 3Hφ˙− γσ˙φ˙+ e(γ−β)σV ′(φ) = 0, (5.81)
3H2 =
1
2
σ˙2 +
1
2
e−γσφ˙2 + e−βσV (φ), (5.82)
H˙ = −1
2
(
σ˙2 + e−γσφ˙2
)
, (5.83)
where an over dot represents derivatives w.r.t. time and prime denotes derivative with respect
to φ. In the slow-roll regime when both the fields slow-roll, terms with double time derivatives
can be neglected and therefore the background equations reduce to
3Hσ˙ = βe−βσV (φ), 3Hφ˙ = −e(γ−β)σV ′(φ), (5.84)
3H2 = e−βσV (φ), H˙ = − σ˙
2 + e−γσφ˙2
2
. (5.85)
Here the full potential W (σ, φ) ≡ e−βσV (φ) can be regarded as the product of potentials of the
individual fields, U(σ) ≡ e−βσ and V (φ), and thus we define the slow-roll parameters for both
the fields in a usual way (following [128]) :
φ ≡ 1
2
(
V ′(φ)
V (φ)
)2
, ηφ ≡ V
′′(φ)
V (φ)
,
σ ≡ 1
2
(
Uσ
U
)2
=
β2
2
, ησ ≡ Uσσ
U
= β2, (5.86)
where Uσ ≡ ∂U/∂σ. To ensure the smallness of the slow-roll parameters we demand that the
Hubble slow-roll parameter H ≡ − H˙H2  1 during inflation. We notice that
H = σ + e
γσφ, (5.87)
which implies that σ  1 and eγσφ  1 during inflation. Again, taking a time-derivative of
the second equation of (5.84) to obtain H˙, one obtains H =
φ¨
Hφ˙
+ eγσηφ − (γ − β)β, which
implies that eγσηφ  1 and γ  β+ 1β ∼ 1β (as β is to be taken smaller than unity). We would
show later on that the dilaton field σ evolve slower than the inflaton field φ throughout the
inflationary phase which would enable us to treat σ as a background field.
Furthermore, we would require the initial field values to calculate the inflationary observables
such as ns, r and fNL. From the first equation of (5.85), we notice that
σ = σ0 + β ln
(
a
a0
)
, (5.88)∫
dφ
V (φ)
V ′(φ)
= −e
γσ0
βγ
[(
a
a0
)βγ
− 1
]
, (5.89)
where subscript 0 indicates the values of the quantities 60 e-foldings prior to end of inflation.
Defining f(φ) ≡ ∫ dφ V (φ)V ′(φ) and requiring afa0 & e∆N (subscript f denoting the quantities at the
end of inflation) for sufficient inflation, one gets
1
βγ
ln
[
1 + βγe−γσ0(f(φ0)− f(φf ))
]
& ∆N. (5.90)
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The perturbation analysis of such a model has been extensively discussed in [127,?,129],
where the comoving curvature perturbation is defined as
R = Φ− H
H˙
(
Φ˙+HΦ
)
= Φ+H
σ˙δσ + e−γσφ˙δφ
σ˙2 + e−γσφ˙2
, (5.91)
where Φ is the scalar metric perturbation in the longitudinal gauge. As we are dealing with a
multi-field inflationay model, R is not a frozen quantity on superhorizon scales and its time
evolution is given by
R˙ = k
2
a2
H2
H˙
Φ+ S, (5.92)
where S represents isocurvature (or entropy) perturbations given by
S = 2H(βσ˙φ˙
2V (φ)e−γσ + φ˙σ˙2V ′(φ))
eβσ(σ˙2 + e−γσφ˙2)2
(
δσ
σ˙
− δφ
φ˙
)
. (5.93)
Under slow-roll approximation, one can solve for the scalar perturbations of the model, δσ,
δφ and Φ, on superhorizon scales, which turn out to be [127]
δσ
σ˙
=
c1
H
− c3
H
;
δφ
φ˙
=
c1
H
+
c3
H
(
e−γσ − 1) , (5.94)
Φ = −c1 H˙
H2
+ c3
[
1
2
(
V ′(φ)
V (φ)
)2
(1− eγσ)− β
2
2
]
, (5.95)
where c1 and c3 are the time independent integration constants and can be fixed using initial
conditions. In the above expression (5.95), terms proportional to c1 represent the adiabatic
modes while those proportional to c3 represent the isocurvature modes. Using eq.s (5.84)-(5.86),
the comoving curvature perturbation (5.91) can be simplified to the form: R ' Φ + c1 − c3 +
c3φ(σ + e
γσφ).
Since from eq.(5.95), it is clear that all the terms in Φ are proportional to (c1, c3)× slow-roll
parameters, therefore we will ignore the potential Φ compared to c1 and c3 inR. From eq. (5.94),
we can calculate c1 and c3. Substituting c1 and c3, the comoving curvature perturbation on
super horizon scales becomes
R = H δφ
φ˙
eγσA+H
δσ
σ˙
B, (5.96)
where A = φ/H and B = σ/H .
Now we look at the observables predicted by this model. The mode functions for superhori-
zon fluctuations of σ and φ, evaluated at horizon crossing k = a(tk)H(tk), are 〈|δσ(k)|2〉 =
H2(tk)/2k
3 and 〈|δφ(k)|2〉 = eγσ(tk)H2(tk)/2k3. Therefore, the power spectrum of comoving
curvature perturbations becomes
PR ≡ k
3
2pi2
〈R2〉 = H
2
8pi2H
. (5.97)
The tensor power spectrum retains its generic form, because the action involves only minimal
Einstein curvature term R, given by PT = 8H2(tk)/4pi2, which yields the tensor-to-scalar ratio
as
r ≡ PTPR = 16H . (5.98)
The scalar spectral index ns in this model is
ns − 1 ' A
[
(2ηφ − 6φ)e2γσ − β(2β + γ)eγσ
]−Bβ2. (5.99)
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Fig. 5. Evolution of the scalar fields w.r.t. time t measured in the units of m−1φ is shown.
It can be noted that in the limit β → 0 and γ → 0 (i.e. A = 1 and B = 0) the forms of power
spectrum, tensor-to-scalar ratio and spectral index reduce to their standard forms in the single
field slow-roll inflation.
It is important to note that in our model the amplitude of the isocurvature perturbations,
PS = k
3
2pi2
〈S2〉 = H
4
pi2
[
βe−γσφ˙V (φ) + σ˙V ′(φ)
]2
e(2β−γ)σ(σ˙2 + e−γσφ˙2)3
, (5.100)
vanishes in the slow-roll approximation (using (5.84)). The multifield models with non-canonical
kinetic term posses a strong single-field attractor solution [137,138] as has also been observed
in this case. But generally these multifield models produce isocurvature perturbations which
can also account for a large angular scale suppression of the power spectrum. But our case
differs from such multifield models as it does not produce any isocurvature perturbations upto
slow-roll approximation.
5.4.1 Analysis of the Model with λnφ
n Potentials
In this model, we treat the φ field as the inflaton field which is assisted by the dilaton field
σ during the inflationary evolution. This can only be ensured if we confirm that the σ field
evolves slower than the φ field during the entire inflationary epoch. To show this, we first
study the background evolution of both the scalar fields φ and σ by numerically solving the
field eq.s (5.80-5.83). We first treat the case when the inflaton field has quadratic potential
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Fig. 6. Upper panel : Evolution of the inflaton φ(t) with respect to dilaton σ(t) is shown. Bigger black
dots correspond to the field values when inflation starts and smaller dots correspond to the field values
at the end of inflation. We see that during inflation the evolution of dilaton is much slower compared to
inflaton. Lower panel : The cosmological evolution of the scale factor is shown. The straight dot-dashed
line represent the ∆N = 60 line where inflation ends.
V (φ) = m2φφ
2/2. As some representative initial conditions, we choose σ0 = 0.1 and φ0 = 45
(Solid), φ0 = 38 (Dotted), φ0 = 32 (Dashed) corresponding to β = 0.04, β = 0.035, β = 0.03
respectively. Also we fix γ = 2
√
2/3 for each case, which is required for the SUGRA derivation
of this model studied in the later part of this paper. The initial conditions are chosen carefully
such that we get correct ns and r for ∆N ' 60 e-folds. In FIG. 5, we show the time evolution
of the fields φ and σ where time is given in the units of m−1φ . The different colors in the figure
correspond to different initial conditions as described above. In FIG. 6 (upper panel) shows the
evolution of the fields in (σ, φ) plane. This plot shows that during 60-efolds inflation, dilaton
σ evolves much slower compared to inflaton φ. After the end of inflation, inflaton goes to its
minimum value φ = 0. Such background evolution of the fields also ensure that the background
spatial metric evolves (quasi-)exponentially during inflation which has been depicted in the
lower panel of FIG. 6. Also we checked that for the case of quartic potential V (φ) = λφ4/4, the
fields evolve in a similar way ensuring that φ can be treated as an inflaton field.
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Fig. 7. The ns − r predictions of the model for quadratic (upper panel) and quartic (lower panel)
potentials are shown with various contour lines and compared with 1σ and 2σ contours of the Planck
observations [6]. We take ∆N = 60 and σ0 = 0.1. In both the figures the range of values of γ increases
along the curves from top to bottom. It is also manifest that as the values of β and γ goes to zero, ns
and r values converges to standard slow-roll inflation predictions.
We now analyze the observable parameters for inflaton potential V (φ) = λnφ
n/n. From
eq. (5.89), we find σf = σ0 + β∆N . Using H = 1, which is the condition for the end of
inflation, we obtain φf = ne
γσf/2/
√
2− β2. From eq.(5.90), the field value φ0 can be expressed
in terms of φf and σ0 as φ
2
0 ' φ2f + 2nβγ eγσ0
(
eβγ∆N − 1) . Now we substitute φ0 into eq.s (5.97),
(5.98) and (5.99) to give ns, r and PR in terms of σ0, n, ∆N , β and γ. For ∆N = 60 e-
folds and for the choice σ0 = 0.1 with various choices of the parameters β and γ, the ns − r
predictions for quadratic (n = 2) and quartic (n = 4) potentials are shown in the FIG. 7. For
σ0 = 0.1, ∆N = 60 and for the range of the parameter values of (β, γ) as shown in FIG. 7,
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we find inflaton mass in the range λ2 = m
2
φ ∼ 10−11 − 10−14 and self-coupling in the range
λ4 = λ ∼ 10−13 − 10−17. E.g. for the choice β = 0.05, γ = 0.7, which can produce ns ' 0.9666,
r ' 0.06, gives mφ ≈ 2× 10−6. And for β = 0.06, γ = 1, which produces ns ' 0.964, r ' 0.05,
gives λ ≈ 10−16. Therefore, in this model with quadratic and quartic potentials, similar to
the case of single-field slow-roll inflation, we require light inflaton mass and fine-tuning of the
inflaton self-coupling in order to fit the observed CMB amplitude. However, unlike the Higgs
inflation which predicts very small r ≈ 0.003 and standard single-field inlation with quadratic
and quartic potentials give large r, the two field model can give r close to the present bound
r < 0.07. For the above mentioned initial conditions, coupling constants and parameter values,
the running of the spectral index αs ≡ dnsd ln k ' 1H dnsdt comes out to be αs ' −6.7 × 10−4 and
αs ' −1.2 × 10−3 for quadratic and quartic potentials, respectively, fully consistant with the
Planck observation αs = 0.0084± 0.0082 (68%CL,P lanckTT + lowP ) [2].
Finally, we notice that this model yields negligible non-Gaussianity (up to slow-roll approx-
imation). This can be seen as follows. Let us first note that besides yielding r, ns and αs within
the observational bounds, a viable inflationary model should not produce large Non-Gaussianity
(NG) to remain in accordance with observations. NG in multifield models where the fields have
non-canonical kinetic terms has been calculated in Ref.s [139,140]. Following these Ref.s, we
calculated the non-linearity parameter fNL which characterizes the amplitude of NG. We find
that for the range of parameters values as shown in FIG. 5, fNL ∼ O(10−2) − O(10−3) con-
sistent with the observations. Also we find that fNL does not depend on initial value of the
dilaton σ0 and coupling constants for the considered chaotic form of potential.
The NG parameter fNL is given as
− 5
6
fNL ≡ −5
6
f
(3)
NL −
5
6
f
(4)
NL. (5.101)
If one writes the multifield action as
S =
1
2
∫
d4x
√−g [R−GIJ∂µϕI∂µϕJ − 2W (ϕ)] , (5.102)
then it is shown in [139] that the Bispectrum non-Gauassian parameter fNL is
− 5
6
fNLN,MN (N,IN,JG
IJ)2 = −5
6
f
(3)
NL −
5
6
f
(4)
NL . (5.103)
Following [140] one gets
− 5
6
f
(3)
NL =
r
16
(1 + f) (5.104)
where
f ≡ −1− 1
2
∑
i
k3i
∑
perms
[
−3k
2
2k
2
3
kt
− k
2
2k
2
3
k2t
(k1 + 2k3) +
1
2
k31 − k1k22
]
,
kt =
∑
i
ki ,
−5
6
f
(4)
NL =
2[
eγσ∗ v
2
∗φ
+ u
2α2
∗σ
]2
[
u3α3
∗σ
(
1− η
∗
σ
2∗σ
)
+ e2γσ
∗ v3
∗φ
(
1− η
∗
φ
2∗φ
)
−
− u
2α2v
(2∗σ)
1
2 ∗σ
γeγσ∗ −
(
uα
∗σ
− v
∗φ
)2
e2γσ∗AP
 ,
where ∗ denotes the quantities at horizon crossing,
u ≡ 
f
σ
f
, v ≡ 
f
φ
f
, α ≡ 1 + (eγσf − eγσ∗) 
f
φ
fσ
,
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AP = −
fσ
f
φ
f2
ηfss + γeγσf f2φ√
2fσf
− 4
f
σ
f
φ
f
 ,
ηss ≡ ηφσ + ησφ

.
This model is a multifield model where the inflaton has a non-canonical kinetic term. Multi-
field inflation with canonical kinetic terms generically yields a local NG which is peaked in the
squeezed configuration (k3  k1, k2), whereas multifield inflation with non-canonical kinetic
term of inflaton yields NG of equilateral type (k1 = k2 = k3) [2]. We see that the momen-
tum dependent factor f in (5.4.1) yields 0 and 5/6 for squeezed and equilateral configuration
respectively, and numerically find that for any choice of parameter values which give correct
ns and r produce the Non-Gaussianity peaking in the equilateral configuration. This indicates,
that despite having two fields, the model behaves like a single-field model with non-canonical
kinetic term.
5.4.2 Two-Field Model Action from No-scale Supergravity
In this section we show that, such a two-field inflationary model can be realised in the realm
of no-scale Supergravity. The two-field models of inflation with string motivated tree-level no-
scale Ka¨hler potential in no-scale supergravity framework are analyzed in [119,120,121,122]. We
consider the Ka¨hler potential of the following form
K = −3 ln[T + T ∗] + bρρ
∗
(T + T ∗)ω
, (5.105)
here T is the two component chiral superfield whose real part is the dilaton and imaginary part
is an axion. We identify axion as the inflaton of the model, and ρ is an additional matter field
with modular weight ω. In typical orbifold string compactifications with three moduli fields,
the modular weight ω has value 3 [118,119,120]. Here we shall treat ω as a phenomenological
parameter whose value can have small deviation from the canonical value 3 which may be
explained via string loop corrections to the effective supergravity action [123]. In this model to
obtain the correct CMB observables, the parameter (3 − ω) has to be fine tuned to the order
of 10−2.
For the complete specification of supergravity, we assume the superpotential as
W = λm ρ T
m. (5.106)
We can decompose T field in its real and imaginary parts parametrized by two real fields σ and
φ, respectively, as
T = e−
√
2/3σ + i
√
2/3φ. (5.107)
The evolution of the matter field ρ is constrained by the exponential factor eK via eG in
the scalar potential (4.36) as V ∝ e bρρ
∗
(T+T∗)ω . Since (T + T ∗)−ω = 2e
2
3ωσ & 2 for ω ≈ 3 and
σ > 0 during inflation. Therefore field ρ, due to its exponentially steep potential, is rapidly
driven to zero at the start of the inflation and stabilizes at ρ = 0 [122]. In FIG. 8, we show the
stabilization of the field ρ for different initial conditions as discussed before for (2m = n = 2).
We also checked the evolution of ρ for (2m = n = 4) and found that it stabilizes in the similar
fashion. Therefore for vanishing ρ, the scalar potential (4.36) and kinetic term (4.30) takes the
simple form
V =
λ2mT
mT ∗m
b(T + T ∗)3−ω
, LK = 3∂
µT∂µT
∗
(T + T ∗)2
, (5.108)
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Fig. 8. Inflationary evolution of the potential V (ρ) is shown for the three initial condition as discussed
before. We see that during inflation the potential for the field ρ is exponential steep and therefore the
field ρ rapidly falls towards the minima of the potential and stabilizes at ρ = 0.
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Fig. 9. The ns− r predictions for quadratic (n = 2) and quartic (n = 4) potentials, with a fixed value
of γ = 2
√
2/3 are shown and compared with 1σ and 2σ contours of the Planck observations [6]. The
range of values of β increases along the curves from top to bottom.
which upon using the decomposition of T becomes
LK = 1
2
∂µσ∂µσ +
1
2
e−γσ∂µφ∂µφ, (5.109)
V =
2ω−3λ2m
b
e−βσ
[
eγσ +
2
3
φ2
]m
, (5.110)
where γ = 2
√
2/3 ' 1.633 and β = (3−ω)√2/3. Since during inflation, dilaton σ evolves much
slower compared to inflaton φ, see FIG. 6, therefore eγσ  φ2 and hence the first term inside
the bracket in (5.110) can be neglected compared to second term.
Therefore, from (5.109) and (5.110), the Lagrangian in EF becomes
LM = 1
2
∂µσ∂µσ +
1
2
e−γσ∂µφ∂µφ+ e−βσV (φ), (5.111)
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where V (φ) = λ2mφ
2m/2m and we set b = 2ω/6 for quadratic potential (2m = n = 2) and
b = 2 × 2ω/9 for quartic potential (2m = n = 4). We see that the parameter b is no new
parameter and can be given in terms of ω. For ∆N = 60 and σ0 = 0.1, the ns − r predictions
for a fixed value of γ = 2
√
2/3 and with varying β are shown in FIG. 9.
To summarize, this two-field two-parameter inflationary model, where the inflaton field has a
non-canonical kinetic term due to the presence of the dilaton field, renders quartic and quadratic
potentials of the inflaton field viable with current observations. Unlike Higgs-inflationary sce-
nario which predicts very small tensor-to-scalar ratio r ≈ 0.003, this model can produce large
r in the range r ∼ 10−1 − 10−2 which would definitely be probed by future B−mode experi-
ments and thus such a model can be put to test with the future observations. Also this model
produces no isocurvature perturbations upto slow-roll approximation and predicts negligible
non-Gaussianity consistent with the observations. In addition, we showed that this model can
be obtained from a no-scale SUGRA model which makes this model of inflation phenomeno-
logically interesting from the particle physics perspective.
6 Conclusions
The idea, that the universe through a period of exponential expansion, called inflation, has
proved useful for solving the horizon and flatness problems of standard cosmology and in ad-
dition providing an explanation for the scale invariant super-horizon perturbations which are
responsible for generating the CMB anisotropies and formation of structures in the universe.
A successful theory of inflation requires a flat potential where a scalar field acquires a slow-roll
over a sufficiently long period to enable the universe to expand by at least 60 e-foldings during
the period of inflation.
There are a wide variety of particle physics models which can provide the slow-roll scalar
field ’inflaton’ for inflation [124,24]. From the observations of CMB anisotropy spectrum by
COBE, WMAP and Planck [17,18,3], it is not yet possible to pin down a specific particle physics
model as the one responsible for inflation. Though all of the above experiments gave tighter
and tighter constraints on inflationary observables, e.g. power spectrum and spectral index,
which allowed several models of inflation to be ruled out but still there is a large degeneracy in
inflation models. The 2015 data from Planck observation gives the amplitude, spectral index
and tensor-to-scalar ratio as 1010 ln(∆2R) = 3.089 ± 0.036, ns = 0.9666 ± 0.0062 at (68% CL)
and r0.002 < 0.11 at (95%CL), respectively [2]. Also the latest results by BKP collaboration
put r at r0.05 < 0.07 at (95%CL)[5]. Therefore, all those models which can produce the correct
amplitude of CMB power spectrum and its spectral tilt along with producing r < 0.07 are
allowed. The future B−mode observations are expected to fix r which will allow many existing
inflation models to be ruled out.
In this review we have presented some recent results of a single-field generalized non-minimal
model of inflation, a power law model of inflation and a two-field model of inflation with a non-
canonical kinetic term. We have calculated the key inflationary observables : amplitude of the
power spectrum of curvature perturbations, spectral index and its running, tensor-to-scalar
ratio and amplitude of isocurvature perturbations. We fix the parameters of the models using
the measured values of these observables. Also we motivate these models from a fundamental
theory called no-scale supergravity. From the analysis of these models we find that the power
law model R+Rβ/M2 of inflation and therefore all the models of inflation with the Lagrangian
R + ξφaRb + λφ4(1+γ) are ruled form the current bound on r0.05 < 0.07 at (95%CL). However
for β = 2 which corresponds to Starobinsky model R+R2/M2 of inflation produces r ' 0.0033.
This prediction of r ' 0.0033 however very small but is currently favored by the observations.
Contrary to the large r prediction of power law model, the two field model predicts a range of
r ∼ 10−1 − 10−2 values close the present bound on r.
Currently tensor-to-scalar ratio is an extremely important inflationary parameter in view of
validating and ruling out models of inflation, and therefore many models that can be classified
as extended theories of gravity. The observation of primordial B-modes (CMB polarization)
will provide the constraint on r. The B-modes are the signature of inflationary tensor modes,
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precise observations of which will provide a most distinctive confirmation of occurrence of
an inflationary era in the early universe. There are several ongoing experiments for B−mode
detection and all hope to observe these signals from the inflationary era. There are several
experiments, e.g. ground based (Keck/BICEP3, SPT-3G, AdvACT, CLASS, Simons Array),
balloons based (Spider,EBEX) and satellites based (CMBPol, LiteBIRD and COrE). These
observational experiments will be taking into account the recent Planck data on polarized dust.
They aim to probe the tensor-to-scale ratio at the level of r ∼ 10−3 which is a theoretically
motivated limit [125]. High precision measurements of small-scale temperature anisotropies
along with the observations of B−mode will not only test the inflationary hypothesis but allow
to remove a large degeneracy in the models of inflation.
G.L. thanks the project COST project CA15117 CANTATA.
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